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Abstract

In this article the forward rate equation proposed in [6] is analysed; the equation is
studied in different Hilbert spaces, namely H.([0,+00)) and H'([0,+00)), and in the

locally convex space Wllm1 ([0,400)), which is his natural space; for each of these spaces,

explicit mild solutions and sufficient conditions for the existence of invariant measures
are presented. In the case of the Hilbert spaces, all the possible invariant measures are
characterized.

1 Introduction

This work starts from the interest rates term structure model proposed by Musiela in 1993
[6]. In that work, Musiela proposed a forward rate model in which r(¢,z) represented the
rate at which one can enter a contract (to borrow or to lend) at time ¢ for a short period of
time at t + x, with x > 0. This approach is similar to the Heath - Jarrow - Morton model
treated in [4], with the difference that the last one uses an f such that f(¢,t + ) = r(t, ).
As in [4], the work furnished an equation for the forward rate, provided we are under the
measure for which the actualized bond price is a martingale. Making right hypotheses, the
problem is taken back to a Langevin equation taking values in a suitable function space
(T/Vlic1 if no other hypotheses are given). The explicit solution of the equation was then given
and conditions under which an invariant measure exist were presented. But these results
were given without proof and the function spaces where the solutions and the invariant
measures lie were not explicitly indicated. Moreover, whether such invariant measure is
unique, and, in the opposite case, a characterization of all invariant measures, are questions
not discussed in [6].

This article deals with the problem treated by Musiela; in particular, it studies the
Langevin equation in different spaces contained in I/Vlicl([O, +00)). For each space the prob-
lems of the existence of a mild solution, of finding its law and of the existence (and possibly
of the uniqueness) of an invariant measure are studied. We obtain, in particular, the results



already given in [6]; besides, in some of our spaces, we find other invariant measures than
the one found in [6] and we obtain a complete characterization of all the invariant measures.
Paragraph 2 is a presentation of the Musiela model. Paragraph 3 presents the hypotheses
under which the equation becomes a Langevin equation and contains the formulation of the
problem solved in this article. Paragraph 4 gives some general theory about the Langevin
equation in separable Hilbert spaces and an abstract theorem about existence of invariant
measures for a Langevin equation in separable Hilbert spaces. For this paragraph and for
the three following, we deal with the theory of stochastic integration as presented in [2].
In paragraph 5, the Musiela equation is studied in the Hilbert space H%( [0,4+00)), which

is a linear subspace of Wli’cl([O, +00)); we find a wide range of invariant measures, showing
also that all of them have equal plausibility, that is there is not a privileged measure. In
paragraph 6 the same equation is studied in H'([0, +00)), and we find out that there exist
only one invariant measure in this space. In paragraph 7 similar results in two other Hilbert
spaces, namely L2([0,+00)) and L?([0,+00)), are given for a mathematical curiosity. In
paragraph 8 the equation is studied in the general case, that is, lacking other hypotheses,
the equation has to be solved in Wllo’cl([O, +00)). For this, we embed T/Vllocl([O, +00)) in the
Schwartz distributions space and we use the stochastic calculus theory presented in [5] for
this space. Also, here we find out that there are infinitely many invariant gaussian mea-
sures, Finally, there is an appendix, in which the semigroup results that were useful during
the article are stated and proved.

Now a word about the mathematical modelling. Which space is the right one in the
applications is not yet clear. In some cases, it seems natural to deal with diffusion terms
7(x) which decay to zero as z tends to infinity. In such a case, the space H' may be
appropriate and we find that the system displays a unique asymptotic regime (governed by
the unique invariant measure we find in that space). In other situations, diffusion terms
having finite limit different from zero are natural, so that we use the spaces H% and lecl
In such case the asymptotic regime may depend upon the initial data r(0,z) and a large
variety of asymptotic evolutions are possible.

Just a word about the mathematical techniques. It is frequent, in works dealing with
Ornstein - Uhlenbeck processes and Langevin equations in spaces like D*, to start with the
Ornstein - Uhlenbeck process, and then to prove that it satisfies a Langevin equation, where
the corresponding semigroup satisfies some properties (namely, it is an equicontinuous C°
semigroup) (see for example [1]). Here, we started from a concrete problem and we obtained
an equation to be satisfied by a process, so we built the process given the equation following
the most logical way to arrive to the solution. The problem here was that our semigroup
was not an equicontinuous C° semigroup, so we had to introduce a new definition, namely
that of a locally equicontinuous C° semigroup. This is a property which our semigroup
satisfies, and so all the machinery works.

A final note: the original model of Musiela uses a 1-dimensional Brownian motion,
but the results found in this case are trivially extendible to the case of a k-dimensional
Brownian motion. An extension to the case of a generic infinite dimensional Brownian



motion can be difficult, expecially in the general case r, € VVi)Cl For this reason, in this
work all the results are stated using a k-dimensional Brownian motion, but the proofs and
the calculations in general are carried out using a 1-dimensional Brownian motion in order
not to lose the main ideas behind too many calculations.

2 Presentation of the Musiela model

Let’s introduce now the Musiela interest rate term structure model. We have a probability
space (2, F,P), with the filtration (F;);>0. We suppose to have only a single bond in the
market, and we suppose that the price at time ¢ of a bond expiring at time T is given by
the process (P(t,T'))t>0. We suppose to have a two parameters process (7(t, x))¢ >0, called
forward rate process, in which r(t, ) represents the rate at which at time ¢ one can enter
a contract (to borrow or lend money) at time 7' =t + x, for a short period of time. Then
the price at time t of a bond expiring at time T' =t + z is given by:

P(t,T) = P(t,t +x) = exp (— /Ox r(t,u) du)

We call spot rate process the process (r(t,0)):; it represents the rate at which at
time ¢ one can enter a contract expiring immediately after. We also call price progress
of the savings account the process (3(t));, given by:

B(t) = exp (/Ot r(u,0) du)

The actualized price at time ¢ of a bond expiring at time ¢ + z is given by:

P(t,T) = Pg(’t?) = exp (/Otr(u,()) du — /OT_tT(t, u) du) =

= exp (/Otr(u,O) du — /Oxr(t,u) du)

Now we add the hypotheses that there exists a k-dimensional standard brownian mo-
tion (Wy); adapted to (F;)¢, and there exist two two-parameter progressively measur-
able processes (a(t,x))tz>0, (7(t,2))t2>0 such that Vo > 0, (a(t,x)); has trajectories in
LY(]0,+00); R), (7%(t,)); has trajectories in L?([0,+o0); R¥) and such that the forward
rate satisfies the following stochastic differential equation:

{ dr(t,z) = a(t,z) dt + 7°(t,z) dW; (1)

r(0,z) given

A natural thing to ask is that the actualized bond price process (P(t,T)); is a martingale
under a suitable measure P. To this purpose, we cite the:



Theorem 1 : if we model the forward rate with an equation of the form (1), then the
following facts are equivalent:

1) VYT > 0 the process (P(t,T)); is a local martingale with rispect to P.

2) the process (r¢(x))¢ is such that ¥Vt € [0,+00)) the application x — r(t,xz) P-a.s.
belongs to AC([0,400)) and:
2)

/Ox T(t,u) du

at,z) = % (r(t,x) + %

For a proof see [6].

The forward rate model obtained in this way is then the following:

dr(t,z) = (a%r(t, x) +7(t, x) [ T(t u) du) dt + 7*(t, z) dW; @)
r(0,z) given

Now we will study this model using more powerful instruments. We now view the pro-
cess (r(t,z)):, no more as a real two parameter process, but as a one parameter process
taking values in the absolutely continuous functions space on ([0, +00)), which will be iden-
tified with the Sobolev space T/Vﬁ)cl([O, +00)), and we write the equation (2) as a stochastic
differential equation taking values in I/Vi)c1

Taking:
0

A:%

Ti(x) = 7(t, )

c(z) =7 (2) /Ox Tt (u) du

then equation (2) becomes the following equation taking values in V[/lic1

d?“t = (ATt + Ct) dt + Tt* th
1,1 3)
TO E WlOC

If we make the further hypotheses that (F;) is the completion of the natural filtration of
the brownian motion (W;)¢, and that |7 (x)| < M(T) V¢, x such that ¢t +2 < T P-a.s., then
the process (P(t,T)); is a martingale; then the hypotheses of the martingale representation
theorem hold, and so every integrable random variable (that is every contingent claim) can
be represented as the sum of his expectation, which is the arbitrage free price of the claim,
and of a stochastic integral with respect to (W;);. Besides, we can construct a self-financing

portfolio strategy based on P(.,T") and on [(.), which simulates the claim (see [6]).



3 Formulation of the problem

Now we make some hypotheses under which this equation will have explicit solutions. We
suppose that the process (73); is identically equal to a real k-valued deterministic function
7(x) belonging to Wlicl Then the equation becomes:

drt:(Art—i-c) dt+T* th (4)
ro € L*(Q, 7o, P; H)

This is a Langevin equation, which, under right hypotheses, has an explicit solution.

We now want to study the equation. We start by considering two particular sepa-
rable Hilbert spaces contained in VVl%)C1 . We use the theory of the stochastic integration in
separable Hilbert spaces contained in [2] which is somewhat complete. In particular, we

will study the equation in the spaces:
H([0,+00)) = W12([0, +00)) = {u: [0, +00) — R | u € L2([0, +00)),u’ € L2([0,+o0)) }

H([0, +00)) = WH2([0, +00)) = {u [0, 4+00) = R | u € L*([0, +0)),u’ € L*(]0, +oo))}

where v is the weak derivative of u with respect to x, and:

+oo
2 N 20, -
L5([0, +00)) = {u :[0,+00) = R | u meas. and s.t. /0 u“(x)e 7" dr < +oo}

400
L*([0, +o0)) = {u :[0,4+00) — R | u meas. and s.t. / u?(z) dx < +oo}
0

H; is a Hilbert space with the scalar product:

+o00 +oo
<locm=7 [ f@e@e doty [ @) @e " da (5)

and H' is a Hilbert space with the scalar product:

+oo +oo
< frg>m= /0 flg(e) do+ [ f(a)g(@) da (6)

Then, after having cited, only for a mathematical curiosity, similar results in L% and in L?,
we will study the equation in his natural environment, that is in the space:

Wit ([0, 400)) = {u 1 [0,4+00) = R | uozy € L([0, 7)), ufy 9 € L}([0,T)) ¥T > 0}

In order to study the equation, we will embed I/Vllocl in the Schwarz distributions space
D*, dual of the space C§°((—o00,400)), which is a locally convex space with respect to some
Hilbertian norms (for a detailed discussion, see the appendix); in doing this, we will follow
the theory presented in [5].



In all the spaces cited above we will examine the following problems:
- to find an explicit mild solution

- to find the marginal law of the solutions r; V¢ > 0 and the joint law of the process
(r1)e>0

- existence, uniqueness (when it holds) and characterization of the invariant measures
for the solution process

4 Preliminaries about Langevin equations in Hilbert spaces

Now we give a bit of general theory about the Langevin equation on separable Hilbert
spaces.

We suppose we have a separable Hilbert space H, such that ro € L?(Q, Fo, P; H),
c € H, that A : D(A) — H is the infinitesimal generator of a C° semigroup of linear
continuous operators (see appendix), that (W) is a Q-Wiener process in H, that is a
(Ft)¢-stochastic process such that:

1) Wp=0

2) (Wy): has continuous trajectories

3) Vs < t, Wy — Wy is independent from Fy

4) Vs < t, Wy — Wy has gaussian law equal to N(0, (t — s)Q), where Q : H — H is
linear, bounded, symmetric, positive and such that Tr @ < +oo

and that, if we call Q; = S;QS}, then fg Tr @y du < 400, then the equation

d?”‘t = (A’f't + C) dt + th (7)
ro € L*(Q, 7, P; H)

has exactly one mild solution, which is the Ornstein-Uhlenbeck process in the Hilbert space
H:

t t
Ty = StT’() +/ St,uc du +/ Stfu qu
0 0

If 79 is a gaussian random variable, then the solution is a gaussian process with
functional mean:

t
E[ry] = Sro +/ Si_uc du (8)
0

and functional covariance (if ¢t < v):
t
Couv(re, ry) = SyCov(ro,10) St +/ Sy—u@S;_,, du 9)
0

This means that Vf, g € H:

t
E[< fart >H] =< f)StTO >H+<f,/ Stfquu >H
0



t
COU(< f7 Tt >H, < g,Ty >H) = < (SUCOU(TO’TO)S:)]C’.Q >H +A < SU—UQS:—’LLf7g >H=
t
= < COU(TO,TO)SZ(JP7 S:g >H +/ < Qsz—ufv S;—ug >p du
0

For a proof of these facts, see [2].

Applying these results to our equation, since A = 6 ~, the natural semigroup is the
translation semigroup (S;); such that:

Sef(z)=f(t+=z), t,xa>0

Moreover, the Wiener process is of the kind (Zf L TiW})e, where 7 € H* and (W,),
is a real k-dimenional Wiener process; then @) = Z —1 Ti @ 7;, in the sense that:

k
Qf=>_ <m.f>umi Vf€H

i=1

Then Tr Q = X%, ||/l < +oc. The solution becomes:
T’t(x) = tTO / St uC d’LL + Z/ St uTz dI/VZ

= T0($+t)+;/0 Ti(x +t—u) (/OIH_UQ(U) dv) du +

+/0t7'i(x—i—t—u)deL:
_ ro(ﬂc—l—t)+§;/:Ex+t7‘i(u)/ou7i(v) dv du+iz:/otn(x+t—u) AW —
= r0($+t)+§:/$+t7i(u)/uri(v) dv du +

—Z/ Ti(u /TZ )dvdu—i—Z/ sz—i—t—u)dW’
= rolx+t)+ = Z((/+ du)2—</0xn(u) du>2>—|—

+Z/O Ti(x +t—u) dWi
i=1

The solution is a gaussian process with functional mean (8) and functional covariance (9);
this means that Vf,g € H:

El< e, f >ul =<rol.+0), f >u +;Xk: - <(/0-+tn.(u) du)2 - </O'Ti(u) du>2> Feu
=1



Cov(<ry, f>a,<ry,g>g) = < S,Cov(re,r0)S;f,g >+
+f: < (/:n(.—i—t—u)@n(.—i—v—u) du> Flg =
= < ZC:‘;U(TO,TO)Sff, Sig >+
—i—i/ot <<7i(.+t—u),f>gn(.+v—u),g>g du=
= < Z(;;U(rg,ro)Sff, Syg >m +

kot
+Z/ <Ti(.+t—u),f>g<7(.4+v—u),g>g du
=170

In some applications it can be useful to know only mean and covariance of particular rates
and not necessarily all the forward rates curve (for example, to know the spot rate at time
t, it is sufficient to know only r4(0)). This can be done with the theory given before: if
the Hilbert space H is a subset of the space of the continuous functions C°([0, +-00)), then
Vt,v,z,y > 0O:

Elry(x)] = E[r(0, 2 + 1)) + % Xk: <(/Ox+t () du)2 ) (/Ox ri(a) du>2> (10)

i=1

Cov(ry(x),ry(y)) = Cov(ro(t + x),ro(v + y)) + il /Dt Ti(r +t—u)r(y +v—u) du (11)
i
To deal with the invariant measures problem, we will need the following theorem:
Theorem 2 : if we call Q; = f(f Su@S;, du, and the following condition is satisfied:
1) supysg Tr (@0) < +o0
together with one of the following:

2) it exists an invariant measures v for the equation:
3) if c € Im(A), and it exists an invariant measure v for the equation:

dZy = AZ dt

then it exists an invariant measure for the equation (7), and in particular:

- if (2) is satisfied, then every invariant measure is of the form:

j= 1% N(0,Qoo)



- if (3) is satisfied, then every invariant measure is of the form:
p=1v*0pxN(0, Qo)

where b € D(A) is a vector in H such that Ab = —c.

For a proof see [3].

5 The forward rate equation in the space H;

Now let’s study the case in which the Hilbert space is H%([O, +00)), endowed with the scalar
product (5).

Theorem 3 : if 1; € H% NH'N LilY Vi=1,...k and rg € L,Qy, then it exist a unique mild
solution of the equation (4), given by:

re(z) = ro(x—i—t)—i-%zk; ((/Oxﬂﬂ'(u) du>2 + (/Osz(u) du>2> —I—Zk;/otn(x—i-t—u) dW;
) . (12)

The solution is a gaussian process with functional mean (8) and functional covariance (9).

Proof: first we must check that the equation is well defined in this space. We then impose
the conditions ro € H!, 7 € H!, c € H} and J3 Tr (SuQS%) du < +o00 Vt. The calculations
for these two last conditions are somewhat hard, but we can find sufficient conditions for
this to happen. Later we will find out that these conditions are necessary for the existence
of an invariant measure.

First of all we must check that the weak derivative of ¢ is well defined:

a%c(x) _ %(w) /Ox (u) du + 72(x)

is well defined, because T € H%; let’s check now that both ¢ and ¢’ are in L?Y: if we impose
that 7 € L?([0, +00)), then we have that:

400 400 T 2
/ A(x)ye % de = / 7% (z)ye 1" </ 7(u) du> dzx <
0 0 0
+oo T
< / TQ(x)'ye_Wx/ 7% (u) du dx <
0 0
+oo +o00
< / 7'2(33)76_7“1‘/ 72 (u) du dx <
0 0

“+o00
< IITHiQ/O (@) |[ywe %o de < yze 7| collT]|72



and then c € Lg. Now let’s check the weak derivative:

or [+
ez < 2|50 [t dul 42 -
L
2
- / ( )du) 1e™7 da + 2|72 =
2
= / ( ) < 7(u) du> e dx + 2|72 <
.
< / ( ) 72 (u) du ye 1" dx—i—QHTH%% <
+oo
< / ( ) / 72(u) du xye d:U—|—2||7'||%$ <
0
B 2
< 2rls [ (S2@) ere dw 2ol <
ot ||? v
< 2lriEa 52| lore oo + 20,

Then 7 € L4 7 € L? and 7 € L? are sufficient conditions for ¢ € H71 Then one can verify
that A : D(A) — H is the infinitesimal generator of the C° semigroup (S;)¢, and has the
domain:

D(A) = H2([0, +00)) = W2?([0, +00)) = {u € L2 | v/ € L2, u" € L2}
where v’ indicates the first weak derivative, and u” the second weak derivative. For

a proof, see the appendix.
Finally, we have to check that:

t t +o0
[ msesyae = [+l dus [+l du=
0
+oo  ptoo
= / / (z+u)+ 7%z +u)e " de du =
= / e 7m/ (7%(z +u) + 7% (z 4+ u)) du dz =
0 0
+oo +o0 +oo
= / ’ye*w/ (72 (u) + 7 (u)) du dr < / e V|| 7|13 da
0 T 0

We notice that the condition 7 € H' is sufficient to have [j Tr (S,QS%) du < +oc.
O

Now we analize the problem of finding an invariant measure. First of all we estimate
sup Tr Qy:

+o0 9 k +oo 9
sapTr Qe = [ lrl+ iy du <> [ e el do
t>0 0 v =170

10



We notice that the condition 7 € H' is sufficient to guarantee that sup Tr Qy < +oc.
Conversely, it is also necessary, since the integral to the last member but one converges only
if the integrand function is almost surely finite, that is whether ["*°(7%(u) + 7"%(u)) du
exists for almost every x.

Let’s check now the condition (2) of the proposition (2). To find an invariant measure
for the equation

dZy = (AZy + ¢) dt (13)
we search for a solution of the partial differential equation:

Jdz 0z

ot oz ©
independent from time. We try to solve the differential equation:

0z
%—FC—O

in the space H%; a solution of this equation is:
x X u
z(x,t) = 2" (x) = —/ c(z) de = —/ T(u)/ 7(v) dv du
0 0 0
Let’s check if z*(x) € H). First of all let’s verify that z*(x) € L2:

/OIT(U) /OUT(U) dv du| < /Ox |7 (u)] /Ou |7(v)] dv du <
= 5[ re d“)2 < 5o [ Irw? du < ol

50 [|2[|2 < HTH%%HxHLg/, and z* € L2.

2" (2)] =

Besides, z* has the weak derivative equal to —¢, which is in H', and so in L?; then
2* € H', so, if the initial data has law 6.+, then the soluzion has law 6.+ V¢ > 0, and then
there exists an invariant measure for the equation (13).

We also notice that also the constant functions belong to H %, and so every initial data
of the kind d,+,4,d € R generates an invariant measure, and the corresponding process has
a marginal law 6,+,4 Vt > 0.

We notice that we have infinitely many invariant measures. A possible characteriza-
tion theorem of all would be very intricate. In fact, if we take for (13) an initial data f € H,}
periodical with period 7', then the solution for (Z) would be z(z,t) = f(t + x). Then, if
we define the random variable = : ([0, 7], B([0,T])) € HJ such that n(t) = f(. +t) and we
pose the uniform density on [0, 7], then 7 induces a measure py on H% such that the initial
data has law py, then we obtain an invariant measure with marginal law puy Vi > 0. We
stop here and we collect the results we obtain in the following:

11



Theorem 4 : given the equation (4) in the Hilbert space Hvl, a necessary and sufficient
condition to have an invariant measure is:

7 € HJ([0,400)) N H'([0,400)) Vi =1,....,k

and there exist infinitely many invariant measures. In particular, the measures of the
kind:
6z*+c * N(Oa Qoo)a ceR

prx N(0,Qx), f € H$ periodical

are invariant measures, where:

ko oo
Qw:;/o Ti(-+u) @7(. 4+ u) du

k x u
2" (z) = —Z/ Tz(u)/ 7i(v) dv du
=170 0
fe H% is periodical with period T and py is the measure induced by the uniform
density on [0,T] via the application t — f(t +.).
O

Now a problem arises: from where do we get all these invariant measures? More precisely,
if we take a general initial data, will there be let’s say a privileged invariant measure to
which this initial data would converge in some way? Or do all these measures have equal
dignity?

Let’s make a try (with & = 1): let’s take an initial data with a degenerate law
concentrated on rg, and let’s see what happens to the marginal law of the solution r;(P).
The solution 7; has functional mean:

Elr() = E[Swol()+E [/Ot Si_uc du} () =
_ ro(.+t)+/0t7(.+t—u)/0'+t_“7(v) dv du =
- ro(.+t)+/_'+t7(u)/0"7(v) dv du
and functional variance:

Var[?“t]—/OtT(.—i-t—u)@JT(.—i—t—u) du—/OtT(.—i—u)@)T(.—i-u) du

12



If 79 has a finite limit for x — 400, (and we call this limit r(c0)), 7 has limit equal
to 0 for £ — +o0, and 7 € Hi N H', then Vf,g € H% we have:

+oo
limi o < B[, f >m= lim ( /0 F(@)ro(x + e dat

t—-+o00

“+o00
+/ f(@)ri(x +t)ye 7™ do +
0

+/0+°° f(z) (/:HT(U) /OUT(U) i du) e d 4
+ /;Oo e (T(x—i—t) /OertT(v) dv — () /OIT(U) dv) . dm) _

=< ro(00), f >+ (/;OO f(z) </x+oo 7(u) /Ou 7(v) dv du) e dx+

+ /O+oo f'(x) (—T(a:) /Oz 7(v) dv) e " dx) =

—< ro(00), f > + < /m () /OUT(U) dv du, f >

t
lim < Var[r]f,g>m = lim <7(.4u),f>m<7(.4+u),g>m du=
t——+o0 Y vy vy

t—+00 Jo

“+o00
= / <T(.+u),f>H%<T(.+u),g>H% du
0
and so we have:

t£+mooE[rt}(.) = ro(c0) + /+Oo 7(u) /OuT(v) dv du =
= 19(00) +% ((/0+°°T(u) du)2 B (/O'T(U) du)2>

lim Varr] = /0+m (. +u)@7(. +u) du

t—-4o0

so the functional mean and covariance of the marginal law of the solution process
converge to the functional mean and covariance of an invariant law, and so, since we are
dealing with normal laws, this means that the marginal law of the solution converges weakly
to an invariant measure. The particular invariant measure to which the solution law con-
verge is determined by r(00). In fact, if we build a suitable initial function 7, it is possible
to reach any invariant gaussian law we found in the last theorem; then it seems that there
are no privileged invariant measures.

6 The forward rate equation in the space H'

Now, let’s study the equation in the space H'([0,4+00)).

13



Theorem 5 : if Vi =1,...,k, 7i(x) € H'([0,+00)) N L*([0, +0)), vor;(z) € L*([0, +x)),
Var!(x) € L3([0,+<)) and ro € H'([0,+00)), then the equation (4) has an unique solution
in H', given by (12), which is a gaussian process with functional mean (8) and functional
covariance (9).

Proof: for the equation to have sense, we require that 7 € H', c € H', f(f Tr (S:QS7) du <
+00 Vt and that A is the infinitesimal generator of a C° semigroup in H!. For a proof of
this last fact, we send the interested reader to the appendix. Now, let’s check the second
condition. As in the previous case, for ¢ € H' we give only a sufficient condition, which we
will find necessary to have an invariant measure. We start seeing that ¢ € L?:

/0+Oo % (z) </0x T(u) du>2 dr = /[)+00 (x)x /Ox 7(w)? du dx < ||7| 2 /0+°° (x)x dx

so a sufficient condition for ¢ to be in L? is that /ur(u) € L?. Now we have to verify
that the weak derivative of c:

a%c(x) _ %(w) /Ox (u) du + 72(x)

is well defined. This is true, since 7 € L?. Now, let’s verify that ¢ € L%

or [ 2 too /o1 z 2
[ du| 42l =2 [ (—(a:)/ r(u) du) dz + 2|k =
ox 0 L2 0 ox 0

_ 2/0+°° (%@;))2 (/Ozf(u) du>2 da + 2|74, <
2/0+°° <%(x)>2x/0$ 72(u) du do + 2||r|[Ls <

+o0 2 rto0
< 2/ (&(x)> / 2 (u) du x dx +2||7||74 <
0 Ox 0

+ 2
< ol [ i(96) @ dr + 2| 7|10 = 20I7(172 | Var (@)lI72 + 2] 717
= L2 0 6$ L4 L2 L2 L4

and so sufficient conditions for ¢ € H! are 7 € L*, \/z1(x) € L?, Jor'(z) € L.
The domain of A this time is the space:

12 < 2]

IN

D(A) = H*([0,+00)) = W*2([0, +00)) = {u € L? | v’ € L*,u" € L*}

where v’ is the first weak derivative, and u” the second weak derivative. One can
verify, as before, that (S;); is a C° semigroup having infinitesimal generator A.
Finally:

t 400
[l dus [+l du=
0 0

— /OJFOO /()+OO(T2($+U)+T/2(£U—|—U)) dr du =

[T sesp)
0
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/0+°° /E+m(72(u) + 7/2(u)> du dz <
< /0+OO(72(U) + 72(u)) /Ou dz du =
J

u(7?(u) + 7%(w)) du = ||VaT(@)]| 2 + [Var'(2)] 2

so the conditions \/z7(x) € L?, \/z7'(x) € L? are sufficient for the integral to converge.

a

Now, let’s check the conditions (1) and (3) of the proposition (2). As before, we have that:
Q=7()e()

QtZ/()tT(-—i-U)@T(.—i—u) du

+o0o
supTr Qe = [ e+ )l du <
>0 0
< IWar@)le: + IVar' (@)
so the conditions \/z7(x) € L?,\/z7'(x) € L? are necessary to have an invariant measure.

Let’s check now the point (3). Let’s look for a b € D(A) such that Ab = —c; then the

condition is:
T u 1 x 2
b(x) = by 7/ T(u)/ T(v) dv du =by — = </ 7(u) du>
0 0 2 \Jo
b is a decreasing function; then b € L? only if lim,_, o b(x) = 0. This determines by:

: L1 2
v =0t tim () an)
the necessary conditions for this limit to be equal to 0 are that 7 € L' and that

bp=—1 ( o7 T (u) du)2.

Now let’s see under which condition b € L?:

/0+OO b (z) dv = i/;oo ((/0+007(u) du)2 - (/Ozr(u) du)2>2 dx =
= i/o‘FOO (/;_OOT(U) du)2 (/0:1:7_(”) du+/[)+007(u) du>2dx:
i/;oo ([U+MT(U) du)2 (/OIT(U> du)2 dr +

15



—|—%||TH%1 /0+Oo </x+oo 7(u) du>2 (/Oa: T(u) du) dx
e [ ) s

, [+ 400 2
< ||T||L1/0 (/ 7(u) du) da

From the last but one passage we obtain that the condition f;’ °7(u) du € L? is necessary
to have b € L?; then, from the last passage, this condition is also sufficient.

Now we must verify that b € H?; for this it is sufficient that b is well defined and
belongs to H'; now we remember that Ab = b’ = —c¢ € H'; then we found the b we were
looking for.

Then, if the above condition is verified, every invariant measure is of the kind:

=08 x N0, Qco)

where b € D(A) is such that Ab = —¢, and v is an invariant measure for the equation:
dZ; = (AZ) dt (14)
then b(x) = —z(x) is the unique function verifying the condition on b. Now, let’s search for

invariant measures for the equation (14). First of all let’s search for solutions having as a
marginal law a Dirac delta; this is equivalent to solve the differential equation:

2= Az
20 € L?
in the space H', whose solution is Sz, that is: z(z,t) = 29(x + t). Since we want a
stationary solution, we must have that S;zg = zg, that is zg = const.; but the only constant
function in H'! is the zero, and so the only invariant measure of the kind 6, is do.
We claim that this is the only invariant measure for (14). To this aim we define, as
usual, the following function classes:
By(H) ={¢: H — R | ¢ measurable and bounded}
Cy(H) ={¢: H— R | ¢ continuous and bounded}
Mit(H) = {u | p probability measure on (H,B(H))}
and the following operators:
P, : By(H) — By(H) such that V¢ € By(H),Vz € H : (Pp)(z) = E[¢(Z(x))]
P:[0,T] x Hx B(H) — R such that Vt € [0,T],2 € H,B € B(H):

P(t,z, B) = Pp(x) = E[15(Zi(x))] = L(Z(x))(B)

16



P} M;” — Mj" such that Yu € M;",VB € B(H) : (P}u)(B) :/ P(t,z, B) du(z)
H

at last, we define the duality pairing between By(H) and M (B(H)):
<@ p>= /ng)(x) dp(z)

Then we have that V¢ € By(H),Yu € M; (H):

< P, p>=< ¢, Pp>

It is well known that, if we call Z;(X) the solution of the equation (14) at time ¢ having
initial data X and we call the law of X £(X) = v, then Pfv = L(Z;(X)), and P}, =
L(Zy(z)) Yz € H. In our case, we have that if f € H', then P}d; = dg,s. However, since
the existence of v € M;" such that Vo € H : P}d, —“** v implies that Vu € M :
Pru —weak 1, then v is the unique invariant measure, and, if H is an Hilbert space and
ft — f strongly, then dy, —weak df, then, since Vf € H' lim;_, o Sif = 0, all this implies
that Py —weak 50/ f € H', and so that &y is the only invariant measure for the equation
(14).

We have just proved the following:

Theorem 6 : given the equation (4) in the Hilbert space H', necessary and sufficient
conditions to have an invariant measure are:

7i(z) € H(]0, +00)) N L(]0, +00))
Vi=1,...k:{ Var(z) € L*([0,+0)), z7/(z) € L*([0,+00))
f;oo 7:(u) du € L*(]0, +c0))

in these hypotheses only the following invariant measure exists:

Ot b * 00 * N (0, Qo) = N(b* + by, Qo)

k +o0

b*(x) + bo :Z/Oxn(u) /Oun(v) dv du—/O

+oo
Qoo:/ Ti(.+u) @7(.+u) du
0

7i(u) /Ou 7i(v) dv du

17



7 Other two examples

Let’s cite, only out of a mathematical curiosity, the same results as before in the case that
the Hilbert spaces are:

+oo
2 . 2 —yx
H = L3([0,+00)) = {u :[0,400) — R | u meas. and s.t. /0 u(z)e " dr < +oo}

+oo
H = L*([0, +00)) = {u :[0,400) — R | u meas. and s.t. / u?(z) do < —1—00}
0

Theorem 7 : if 1; € L% NL2Vi=1,...k and ry € L%, then it exists an unique mild
solution of the equation (4) in the space Lgy, given by (12). The solution is a gaussian
process with functional mean (8) and covariance (9).

a

Theorem 8 : given the equation (4) in the Hilbert space L%, a necessary and sufficient
condition in order to have an invariant measure is:

7i(x) € L2([0,+00)) N L*([0,+00)) Vi=1,...k

and there exist infinitely many invariant measures; in particular, the measures of the
kind:

0oy * N(O, Qoo)a ceR
prx N(0,Qx), f € Li periodical

are invariant, where:

ko oo
Qoo:izzl/o Ti(-+u) @7( . +u) du

2*(z) = _g/om 7i(u) /Oun(v) dv du

fe L?y is periodical with period T and iy is the measure induced by the uniform
density on [0,T] via the application t — f(t + .).

d
Theorem 9 : if 7i(x) € L*([0,+0c0)),zTi(z) € L*([0,+00)) Vi = 1,...,k and ry €

L?([0,4+00)), then the equation (4) has a unique mild solution in L%, given by (12), which
is a gaussian process with functional mean (8) and functional covariance (9).

18
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Theorem 10 : given the equation (4) in the Hilbert space L?, necessary and sufficient
conditions in order to have an invariant measure are:

7i(z) € L*([0,400)) N L*([0, +00))
Vi=1,...k:{ Vor(z) € L*([0,+0))
f;oo 7i(u) du € L?([0,4+00))

in these hypotheses it exists the only invariant measure:
Oz 20 %00 * N(0,Qoc) = N(2" + 20, Qo)

where:

2 (x) + 20 = 12:/09: 7i(w) /Ou 7i(v) dv du — /0+Oo /OOO 7i(w) /Ou 7i(v) dv du

ko oo
QOO:;/O Ti(-+u) @7( . +u) du
Od

The proofs of these four theorems are analogous to those for the two Sobolev spaces we
have seen before (see [7]).

8 The forward rate equation in the space Wﬁ,cl

Now we try to solve the Musiela equation in the space of the absolutely continuous functions,
which, as we have already seen, is its natural framework; but now, we notice that I/Vlicl is
not an Hilbert space. This doen’t allow us to use the invariant measure characterization
theorem we used before. Besides, we must use a stochastic integration theory more general
than the one used until now. In particular, we will embed the space VVZ})C1 ([0, +00)) in
the space of the Schwartz distributions on R, which we will call D*(R), about which a
stochastic integration theory exists (see for example [5]), and we will analyse our equation
in this space.

First of all we embed the space I/Vi)c1 in the distributions space via the canonical
embedding which sends a function f € I/Vllocz,l in the distribution ¢ — [ ¢(z)f(z) da.
This embedding is closed and continuous. Besides, we will indicate the standard duality
pairing in this way: if ¢ € C§°, and f € I/Vll’1 then:

oc?

“+oo

<o, f>= N ¢(x) f(x) dx
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We start verifying that (12) is solution of the equation also in the space D*(R). To
this aim we notice that D*(R) is a locally convex space. This enables us to speak about
locally equicontinuous C° semigroups of linear continuous operators in D*(R), which have
nice properties suitable for our aims. Besides this, we can talk about the infinitesimal
generator A of a locally equicontinuous C” semigroup (S;); and of its domain D(A) (see
appendix). Finally, we notice that the process (Y%, 7;W}); is a Brownian motion (in the
sense specified in [5]) in D*, having functional mean 0 and functional covariance:

k k k
Cov(< f,ZTiW; >, < g,ZTin >) = Z < f,m><g,1; > Cov(Wsi,Wg) =
i=1 i=1 ij=1
k
= tz<fa7—i><g>7-i> vf?QEC(())O(R)
=1

Henceforth we use (W;); to indicate a generic Brownian motion in D*. Again we are
interested in finding mild solutions:

Definition 11 : we say that (X;); is a mild solution of the equation (4) if Vf € D:

t t
< f, Xy >=< f, Xo > +/ (<A f, Xy >+ < f,ec>) du+/ < f,dWy, >
0 0
We start with a general theorem about the Langevin equation in D*(—o0, +00).

Theorem 12 : if A* generates a locally equicontinuous semigroup (St)¢ in D, (Wi)¢ is a
generic Brownian motion in D*, and X¢ is Fo-measurable, then the process (X, defined
by:

t t
Xt = Sth +/ St,uc du +/ Stfu qu (15)
0 0

1s the only mild solution to the Langevin equation:

dX; = (AX¢ +¢) dt + dW; (16)
Xo € L*(Q, Fo, P; D¥)
Besides, if Xg is gaussian, then (Xy); is a gaussian process with functional mean
¢
E[< f,re >] =< f,S:E[rg] > + / < S ue> du (17)
0

and functional covariance:
t
Cov(< fri>,< gru>) = Cou(< 1,50 >< 0,500 >) + [ DS 1.8100) du (19)
0

Proof: first of all we notice that, since (S;); is a locally equicontinuous semigroup, then
for all continuous seminorm p on D*(R) and V1" > 0, there exist a continuous seminorm ¢
on D*(R) such that p(Sif) < q(f) V¢ € [0,T], f € D*(R), so [i p(Si—uc) du < tg(c), and
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so the first integral in (15) has a sense; besides there exists r such that ¢ <ggs r, and so
fg 1St—ull rs(pry dt < fg(t —u)(q :gs ) dt < 400 and so the stochastic integral is well
defined in the sense of [5].

Now we prove that (15) is a solution. For this aim, we define the process:

t
Y;g = Xt - StXQ — /St_sc ds = / St—u qu
0

then Yy = 0, and (Y;); has the stochastic differential:

t
dY, = dX,— AS;Xo dt —c dt — ( / AS;_ye ds> dt =
0
t
— (AX, +¢) dt +dW; — AS,Xo df — ¢ dt + A/ Si_yc ds =
0

t

— AX, dt+dW, — AS, X, dt + A / Si_vcds =
0

— AY, dt+ dW,

and so (Y}); satisfies the equation:

{ dY, = AY, dt + dW, (19)

Yo=0

if and only if (X;); satisfies (16).
We notice that the stochastic integral in the expression is the integral of a determin-
istic functional D* — D*  so we can write it in this way:

t t
/ Siw Wy = [Si_uWalb + / AS, oW du =
0 0
t
- Wi+ / AS,_ oW, du
0

Then we can write:

t
< f, Y >=< f,W; > +/ < f,AS;_ Wy > du
0

Using the formula:
td
PO =0 = [ ) o
which is valid if f: [0,T] — I/Vlloc1 is differentiable, we arrive to:
t t v
<f,Yy> = / < f,dWy > +/ (< AW, > +/ < ATESE f Wy > du) dv =
0 0 0
t t v
= / <f,qu>+/ << f,Wv>+/ < A*S;_ Wy > du) dv =
0 0 0

t t
= /<f,qu>+/ <A*f,Y, > du
0 0
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so the process (Y;): is a solution of the equation (19) and the process (X¢); is a solution of
the equation (16).
Now, let’s prove the uniqueness. For this aim, we need the following lemma:

Lemma 13 : if (Y;); is a mild solution of (19), then V1 € C1([0,T], D(A*)),t € [0,T] we
have:

<Y(t), Y >= /Ot <'(s) + A*Y(s) >,Ys > ds+ /Ot < (s),dWy >

Proof: let’s consider a function () = 19.4(t), where 19 € D(A*), ¢ € C1([0,T],R); then,

if we set:
F(t) =<1, Y; >= /Ot < A%y, Yy > ds+ < g, Wy >
we have:
diF(t)¢(t)] = (t) dF(t) + F(t)¢/(t) dt =
= B(t) < A", Yy > dt + ¢(t) < tho, AWy > +¢ () < o, Y: > dt
and so:

t t t
F)pt) = /0¢(S)<A*1/)0,Ys> d5+/0 ¢(S)<¢07dWs>+/0 ¢'(s) < tpo,Ys > ds =
_ /t<A*z/)(s),Ys> ds+/t<¢'(s),Ys> ds+/t<¢(s),dWS>
0 0 0

and so the lemma holds for all the functions of the kind () = 1.4(t); since this class is
dense in C*([0,T], D(A*)), the lemma is proved

To prove the theorem, we put ¥ (t) = S;_ ¢, with ¢9 € D(A*); then:
t t
< St b0 Y >=<00.Yi >= [ < Sp o0 W >= [ < 60,51 aW >

then, since D(A*) is dense in D, < ¢g, Y; >= fg < ¢, St—s AW > Vo € D, and so
Y; = fg Si—s dWy can be the only solution to (19).

Now, let’s verify that, if X is gaussian, the solution (15) is a gaussian process. In order
to do this, we only need to check that V¢, ..., t,, the random variable (Xy,, ..., Xy, ) is gaussian
in (D*)". This means that Vor, ..., ¢, € (C§°)™ the real random variable (< ¢1, Xz, >, ..., <
¢n, X, >) has to be gaussian. This is equivalent to check that V¢q, ..., ¢, € D*:

n n n t;
Si<onXi> = Yi<ouSiXo>+3 i <on [ Suoucdus+
1 1 1

n ti
+Zz < ¢27/0 Sti—u qu >
1
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the first addend is a real gaussian random variable, and the second one is a real number.
Let’s verify that the third one is a real gaussian random variable:

n n

t; T
Soi< i [ Sumu AW = 3i< 6 [ Loy diWy o=
0 0

1 1

n T
- ZZ </0 1[07tz‘)5;—u¢i7 qu >=
1
T n
= </0 > il St uti, AWy >
1

which is the stochastic integral of a deterministic linear operator from D into itself, and so
it is a real gaussian random variable. The law of the process is then uniquely determined
by his functional mean and covariance.

Now we only need to prove that the process has functional mean (17) and functional
covariance (18). If we have f,g € C§°, then, for the properties of the stochastic integral
(see [5]):

Cov(< fyry >, < g,my>) =

t v

= Cov (< f,Sero —I—/ St—u AWy >, < g, Sur0 +/ Sy_u AWy, >) =
0 0

= Covu(< f,Siro >< g,Syrm0 >) +

t t
+FE {< f,/ Sty AWy, >< g,/ Sy—u AW, >} =
0 0

t
= COU(< f7 St7"0 >< 9751;7"0 >) +/ p( :—ufv S:—ug) du
0

Now we apply this general theorem to our special case.

Corollary 14 : if; € VV;;(R“‘) Vi=1,...kandrg € VVZ}JCI(RJF) P-a.s., then the equation
(4) has an unique solution (ry); in D*(R), with ry € VVllo’Cl(R) Vt P-a.s., given by (12), which
is a gaussian process with functional mean (8) and functional covariance (9).

Proof: first of all we have to verify that our translation semigroup (S;); is an equicontinuous
C° semigroup having as infinitesimal generator A; we send the interested reader to the
appendix; then we notice that

T u
c(z) = / T(u)/ 7(v) dv du
0 0
is an element of VV&,C1 In fact ¢ has weak derivative equal to:

sela) = 5@ [ () dut ()
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which is well defined. Now we must verify that ¢ € Lloc, and ¢ € Lloc, VT € (0, +00)

we have:
/OT|C(J:)! da = /OTT(J:)/Oxr(u) du dz = % (/OTT(.T) d:c)

/OT]C/(H?)’ dx / |7'(x ]/ ) du d:c+/ ) do =
UO | (w)] du/o (u) du —/0 (/0 I (w)] du) () do +

HIT 220,27y < 2017 Loy 17z o,y = N7 120,77y

2

IN

Since T € I/Vll 1, it follows that 7 is continuous, and 7 € LZOC Then ¢ € I/Vlicl Now, since
all the hypotheses of the theorem (12) hold, it follows that (12) is solution of (4).

We finally have to check that r; € I/VliCl(RJr) P-a.s. If we look at the explicit solution
(12), this is true, because S; sends Wlf)’cl(RJr) in itself, so the Bochner integral (second
addend) is an integral in I/Vlicl (R™), and the stochastic integral (third addend) takes values
in I/VlzCQ(RjL) P-a.s.; in fact, VT' > 0, W12([0,T)) is a Hilbert space, and the definition of
stochastic integral in W12([0,T7]) is equivalent to the one on D*. Besides we have:

t
B M / Syt dW,
0

2 t t
] = / Tr Se—uQSi_, dt = / 1St 2 o.myy dt =
w2 ((o,T) 0 0

t T
_ / / (P24t —u) + 72z +t —u)) do
0 Jo
if 7 € WH2([0, T +t]), then the last integral converges, and so || f(f St—uT quH%/Vl,Q([O ) 18
a.s. finite VT > 0. So, if 7 € WL*(R*), then [; S _,7 dW, € WL*(R') P-ass.
Now we only need to prove that the process (12) has functional mean (8). Now let’s

verify that the functional covariance is really (9). If we have f,g € C§°, then, since in our
case p(f,g) =< f, 7 >< g,7 >:

t
COU(< f7 Tt > ) <g,Tv >) = COU(< fv StTO ><g, SUTO >) +/ p(SZ(—ufv S:;—ug) du =
0

t

— Cou(< f,Sim0 >< g, S0 >) +/ < SE T S< St g > du=
0

= E[< f,Siro >< g,Syro >] +

+/<f (+t—u)>.<g(),7(.+v—u)> du
For the covariance we will use this notation:

t
Cov(re,ry) = SyCouv(ro,m0)S; + / T(+t—u)R7(.+v—u)du
0

24



a

Now we search for an invariant law following this idea. Since, if we have a gaussian ini-
tial data, the solution process will be gaussian, and since in this case the stationarity is
equivalent to the weak stationarity (that is, only the functional mean and covariance are
stationary), we only need to find an initial data for which the solution process is stationary
to prove that there is a gaussian invariant measure.

For this aim, we notice that we already have some natural candidates to be invariant
measures, that is the gaussian ones on H% Then let’s check if and under what conditions

o . - . . 1,1
the gaussian invariant measures on H; are still invariant measures in W, . The general
gaussian invariant measure was N (b*(.) + by, Qoo ), Where:

b*(z) = —/OxT(u) /Ou 7(v) dv du

+oo
Qoo:/ T(.+u)@7(.+u) du
0
and by was a generic real number.

First of all we prove that a gaussian measure of the kind N (b*, Q) exists on D*(R);
in particular, we construct it such a way that it is the distribution of a D*(R)-valued random
variable 79, and P{rg € Wo2(RH)} = N(b*, Quo) (W2 (RT)) = 1. In ordere to do this,
we take a real k-dimensional brownian motion (Z;):, independent from (W;); and a real
constant by and consider the random variable:

+o0 k +o0 .
n=bot [ Sedur [ Sz
=1

Proposition 15 - if 7 € L' N L* N VVllof(R—i_) Vi = 1,...,k, then rq has distribution
N(b*,Qu) and P{rg € W, (R*)} = 1.

Proof: since rg is the limit of gaussian random variables:

t t
o=, ligl (bo + / Syc du + / SuT dZu)
—+oo 0 0

then, if the limit converges in D*, then ry is well defined and gaussian. In order to
check the convergence of g, we only need to check that E[rg] and Cov(rg,ro) converge.
If 7 € L', then:

El[ro] —by = /{)+Oo Syc du = /0+oo T(x + u) /OHU 7(v) dv du =
_ /;ooT(u)/OUT(v) d du—/0+007(u) /OUT(U) dv du +

_/O:ET(U)/OUT(U) dv du = % (/0+007(u) du)2— % (/OxT(u) du>2
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then E|rg| is well defined and belongs to I/Vllocl Besides, if 7 € L%, and we take f € C§° and
suppose that [a, b] = supp(f), then we have:

t
Cov (< fyro>,< firo>)=FE L liJrrn < f,/ SuT dZ,, >2] =
e d o0 0

t t
= lim FE {< f,/ SuT dZy, >2} = lim < f,Sur >% du =
0

t——+o00 t——+o00 Jo

:/0+°° (/0+Oof(x)7(x+t) dx>2 dt < ||f|]oo/0+oo (/abT(x—l—t) dx>2 dt <
sl [0 ) [0 e de = - 0) [ 0 du it =
= flleto—a) [

a

< Wfllclo =) [ )= a -t ) du= s~ @)l

a

TQ(U)/ ) dt du <
(

u—b)VO0

since |Cov(< f,ro >,< g,m0 >)| < E[< f,m0 >2E[< g,m0 >2] Vf, g € C5°, then we have
that if 7 € L?, then Cov(< f,r9 >, < g,70 >) is a real number.

Now we only have to prove that P{ry € VVZ%)C1 (RT)} = 1. If we look at the definition
of rp, this is true, because S; sends T/Vlloc1 (R™) in itself, so the Bochner integral (second
addend) is an integral in VV;C1 (R™T). Moreover, the stochastic integral (third addend) takes
values in VV;CQ(RjL) P-a.s.; in fact, VT' > 0, W12(]0,T]) is a Hilbert space and the definition
of stochastic integral in W12([0,T]) is equivalent to the one in D*. Besides we have:

¢
E [hm | sur dz,
t—+o0 ||.Jo
ee 2 oo T 2 2
:/0 1SuTlf1.2 0,77y du :/o /0 (T%(x +u) + 7% (x +u)) dx du =

T “+00
:/ / (P2 +u) + 72 + ) du dz < T|7|wr2@e
0 0

2 t
— lim /ﬁ soa Su0S? du =
W“([O,T])] totoo Jo 0 WHAOT]) Q

If 7 € WH2(RY), then the last integral converges, and so || [i S,7 quH%Vm(

[0,77) is a.s.
finite VI' > 0, and so rg € VVﬁ)C1 P-a.s.

a

Now, let’s try to start with an initial data with law N(b*(z) 4 by, Qo ), and see what is
the law of the solution process. Since the law is gaussian, we only need to calculate the
functional mean and covariance. Let’s calculate the mean:

Blrd(e) = BlSnl@)+ [ (Si-ue)(e) du =

z+t u t THt—u
= —/ T(u)/ T(v) dv du+bo+/ T(x—l—t—u)/ 7(v) dv du =
0 0 0 0
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= bo—/OzHT(u) /OuT(v) dv du+[6x+t7(u) /OUT(’U) dv du =
= bo/ﬂzT(u)/OuT(U) dv du = by + b(x)

Now, let’s calculate the functional covariance of the process. If f,g € C§°, then:

COU(< f7 Ty > ) < 9, Tt+h >) = [< fa StTO ><g, St-i-hTO >] +
+/ < fl),7(-+t—u)>.<g(),7((+t+h—u)> du=
= <Stf7r0><St+hg7r0>]+
+o0 “+o00
+// x+t—u)dw/ gy)rly+t+h—u) dy du =
0
+00  f+00 +oo
:/ / x—i—u—i—t)f()dw/ T(y+u+t+h)g(y) dy du+
—+00 —+o0
+// x+u)da:/ gy)T(y+h+h) dy du=
0

= /+Oo/+oo (x4+u)f )dx/ O07'(y+u—|—h)g(y)dydu—i—

J,

+oo +oo
/ T(x + u) da:/ gy)T(y+h+h) dy du=
0
+oo  p4o0 o0
/ T(x +u)f )da:/ T(y +u+h)g(y) dy du =
+oo /+oo

+

/ T(x 4+ u) f(z) dm/h T(y+u)g(y —h) dy du =
= E[<f77ﬂ0><5’;;g77ﬂ0>]:
= E[<f,7‘0><g,ShT0>]:COU(<f,TO>,<g,Th>)

As in the space H%, also here we found infinitely many invariant measures. This non
uniqueness of the invariant measure is caused by the fact that the constant functions, as in
the case H%, belong to VVl{)C1

We can collect the results we just found in the following:

Theorem 16 : if 7; € Wli’f NL'N L2 Vi =1,...k, then the equation (4) has infinitely
many invariant measures in VVﬁ)C1 . In particular, the measures of the kind N (b*(.)+bo, Qo)
are the only gaussian invariant measures.

9 Appendix

In this appendix we collect some proof of results we used before.
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First of all we recall the definition of C° semigroup in a Banach space. Let’s take a
real Banach space F, endowed with the norm ||.||g. We call L(E, E) the linear space of the
linear continuous operators from F in itself; this is a Banach space too, endowed with the

norm:
[All(e,p) = sup{l|Az||lp | © € E, [[z]| = 1}

We say that {S:}i>0 is a C° semigroup of linear continuous operators, or more
simply a Csemigroup, if it has the following properties:

1) S; € L(H,H) vVt >0
2)So=1
3) StJrs =508,
4)Vr € H : limy_,g+ Siz = x
Now we define the following linear subspace of E:
D_D(A)_{er ‘3 lim Stw_m}
t—0t t
and the linear operator A on D(A):
Vr € D(A) : Az = lim Sz~ @
t—0+ t

D is called domain of A, and A is called infinitesimal generator of the semigroup
{Si}t>0. We recall that D(A) is dense in E, and Vo € D(A) : 4 S0 = AS;x = Sy Ax.
For a proof, see [8].

Now that we did these conventions, let’s prove the results we used. We pose:

_9
- Oz

Sif(x) = flz+1)

A

Lemma 17 : (S;); is a C° semigroup in the Hilbert space H%, having as infinitesimal
generator A, which has domain equal to H$

Proof: first of all we must check the semigroup conditions (1), ..., (4):
1) Sy € L(H}, H) = L e |Sy||, < €2¥; in fact, if f € HI, then:

+o00 +oo
\// 2 (x4 t)ye™® do + \// (x4 t)ye™® dx =
0 0

t +oo +0o0
= e2 (\// f2(z +t)ye r(@+) dp + \// f2(x + t)yev(@tt) da;) =
0 0
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+oo
— %(\// z)ve Wd:ﬂ%—\// [ (z)ve ”d$)<62||f”H1

so [|Si|lr < e%.
2-3) trivial verification
4) if f € C*([0,+00)), then:

+oo
lig S0/ = fllmy = limy [ ((F(t+2) = F@))? + (70 +2) = f(@))e " da = 0

then, since C' is dense in H%, we have that Ve, Vg € H% 3f € C! such that Hf—gHH% <
€; then:

1Stg = gl < 1Seg — Sefllms + 11Sef = fllar + 1 — gl <
< NSzl =gl +e+ 11 = glla < (7 + 2)e

N

Now let’s prove that A is the infinitesimal generator of (S;); if f € H? = W22, then
f € C', and we have:

lim Stf_f(m): lim flz+1) — f(z) _g

t—0+ t t—0+ t Oz

which is well defined and belongs to H%; so A is the infinitesimal generator of (S¢)¢,
and Hg C D(A); conversely, f' € H% only if f € Hg, so D(A) = Hg

a

Lemma 18 : (S;); is a C° semigroup in H', having as infinitesimal generator A, which
has the domain H?.

Proof: we have to check the semigroup conditions (1), ..., (4):
1) S; € L(HY, HY) = L e ||S¢||. < 1; in fact if f € H!, then:

ISef @)l < \/ [ e dos \/ [ e e =
+oo
= \// dx—i-\// f2(z) de < || fllm
so [|Se|lr < 1.

2-3) trivial verification
4) if f € C*([0,40)), then:

timg 0 — s =l [ (7G4 2) — 1@+ (£ -+ 2) — F(@))) dw =0
0
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then, since C! is dense in H!, we have that Ve > 0,Vg € H! 3f € C! such that
If — gl < e; then:

1Stg = Sefllgn + |Sef — fllgr +11f — gl <
ISllllf — gllg +e+ 1f — gllgn < 3¢

1Stg — gl i

IA A

Now, let’s prove that A is the infinitesimal generator of (S;);; if f € D(A) = W22,
then f € C!, and we have:

t—0+ t t—0+ t N ox

which is well defined and belongs to H'; so A is the infinitesimal generator of (S;);,
and H? C D(A); conversely, f' € H' only if f € H?, so D(A) = H?.

a

For the space D(R) we need a different notion, and we also need to know his structure.
First of all we notice that we can represent R in this way:

R =U,ezI,, where I° = interior of I

where I, = [n — 1,n + 1] Vn € Z; let {a,}, € D a partition of unity corresponding
to the covering {I2|n € Z}, and such that a,(z) = a(x +n) Vn € Z,z € R and a,, > 0 in
I?; then for every ¢ € D, ay¢ is a C* function with support in I,.

Now, for all I,,, we define D(I,) to be the space consisting of all functions on a
compact interval [a, b] that can be extended to C* functions on R vanishing outside of I,,.
Then D(I,,) is a dense vector subspace of L?(I,).

We consider the following operator:

— . 2

We denote the closed extension of D by the same notation D. The functions:
Sp(x) = sinnx

form an orthonormal base in L2. We have that:

Ds,, = n23n

We define the following norms on D(1,):

Ifllp = I1DP flle2(r,y, €N

then we notice that: -
112 =" n" < fs0 >7 (20)

n=1

We also define the seminorms on D(R):
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[fllnp = llenfllp Vo € N,p € N

Then both .||, and ||.||n, are Hilbertian seminorms, i.e. they have the following
property:

p(z+y)* + p(x — y)* = 2p(x)® + 2p(y)*

and we have that ||l <s [-lp+1, and 5o [y <as [t
If we now take two sequences (ap)n, (pn)n such that a, > 0 and p, € N, we can
define the norm:

1 lan) o) = O, anllF17 5

neN

Such a norm is always well defined, because the support of f € D intersects only a
finite number of the intervals (I,,)n, and so it turns out to be a Hilbertian norm. We can
now endow the space D with the multi-Hilbertian topology 7 defined by (|.l(a,.),p,)) i-¢-
the weakest topology in which these norms are continuous, and we find out that it coincides
with the Schwartz topology, which is given by the seminorms:

f

pkc = maxsup [f"(r)], K C R compact
n<p zeK

We obtain that:

Il @n),n) <HS [l 0n) at1)s 00 = 1@l llnpn = [I-llnpp+1) 85

If we define the Kolmogorov I-topology of 7 (denoted by I(7)) the weakest topol-
ogy defined by the seminorms:

{p|3¢q < 7 such that p <gg ¢}

then 7 is nuclear, that is 7 = I(7).

From all this discussion, it follows that D is a locally convex space, and we denote by
D* his dual, known as the Schwartz distributions space. For a more detailed discussion
of these facts, see [5].

For the space D, we need the following notion: we say that (S;); is an equicontinuous
C° semigroup of linear continuous operators, or more simply a equicontinuous C°
semigroup in the locally convex space X, if it has the following properties:

1
2

Sie LIX,X)Vt>0
So=1

3 StJrs =508,

4) the family (S;); is equicontinuous in ¢, that is, for every continuous seminorm p
on X it exists a continuous seminorm ¢ on X such that p(Siz) < ¢(z) ¥Vt > 0,z € X.

~— — — N

Also in this case we can define the domain of A:
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D(A) = {:c eX ‘EI lim

t—0t

Stx:v}

and call infinitesimal generator of (S;); the linear operator A defined as follows:

Six — x

Vr € D(A) : Ax = tl_l)I(I)1+ "

We remind that also in this case D(A) is dense in X, and: Vo € D(A) : %Stx =
AStm == StAJU

For a proof of these facts, see [8].

For some applications, we can find the condition (4) too strong to verify. We can give
the following definition: we say that (S;); is a locally equicontinuous C° semigroup, in
the locally convex space X, if it has the properties (1), (2), (3) and:

4’) the family (S;); is locally equicontinuous in ¢, that is, VI' € Rt and for
every continuous seminorm p on X it exists a continuous seminorm ¢y on X such that
p(Six) < qr(z) YVt € [0,T),z € X.

if we define D(A) and A as before, then we have no conditions about D(A), but A
enjoy the same properties seen before. We start with the

Lemma 19 if ¢t € [%, %], and if we call b = max,e|_1 jja(z) and a = min, 11 a(r),
then:

b
I15:£ 1130 < a(||f||2—1,0 + £ 150+ IF150) Vf €D
Proof: first of all we define the function:
I,(x) = a.l[nféynJr%}(x), n e N
then:
b
1Sifl30 = laoSifllze < IbSifll72 < E(HI—IfH%Q + Lo fl172 + I11LfII72) <

b
(1120 + 1£180 + 1£1.0)

b
< 5(Ila71f||%z +llaofl72 + loafll72)

Corollary 20 ift € [%, %], then Vp € N:

(LI + £, + 1F15,) Vf € D

I1Sef1I3 <

Q| o

Proof: it follows immediately from (20) and from the fact that:

1
<f9>12=J(If +9l7= + If = glli2)
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Proposition 21 : if we call (S§); the adjoint semigroup of (St):, that is:

Sif(x) = flz—1t)VfeC®(R)=D(R)
and A* the adjoint of A, that is:

9
ox

then (St); is a locally equicontinuous C° semigroup in D(R), having as infinitesimal
generator A*, which has the domain all D(R).

A =

Proof: we must check the semigroup conditions (1), ..., (3) and (4):
1) S; € L(D(R),D(R)); in fact, for every seminorm p continuous in D(R) it exists a
norm ||.[/(a,.),(p,) and 3 € RT such that:

p(f) < Blf l(an),wa) Vf € D(R)

Now, we’ll check that Vt > 0, 3|.l(5,),(g.) Such that [[Sefll(a,),mn) < 1flbn),(qn) Vf €
D.
We can suppose (after a suitable shifting of n) that ¢ € [—%, %], then we define:

b
by = 5((1721—1 +al+a)

gn = max{pn—lapnapn—i-l}

then we have:

15% Fllan), ) < Wl o) (an) Vf € D(R)

in fact:

* * b
IS¢ Flanyony = D anllSifllng, < > aigllfl!ifl,pn F 17 + 11 10) <

nez neZ
< D 0l fllng = 110 )
neZ

and so S} € L(D(R),D(R)) Vt
2-3) trivial verification
4’) if we define:

—

n

Q|

((1,,'2.L_1 —+ (I?.L + ...+ ai+1+[T})

qn = max{pn—hpm -~'7pn+1+[T}}

then we have:
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155 fll@n)on) < 1flon),(gn) V.f € D(R),t € [0,T]

The proof is as point (1); so, (57): is locally equicontinuous in t.
Now let’s prove that A* is the infinitesimal generator of (S}); if f € D(R), then
f e ', and we have:

i S = F () HE 0 0@ fe) @) o

t—0+ t t—0+ t t—0~ —t ox

which is well defined and belongs to D(R); so A* is the infinitesimal generator of
(S7)t, and D(A) = D(R).
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