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Abstract

In this article the forward rate equation proposed in [6] is analysed; the equation is
studied in different Hilbert spaces, namely H1

γ([0,+∞)) and H1([0,+∞)), and in the
locally convex space W 1,1

loc ([0,+∞)), which is his natural space; for each of these spaces,
explicit mild solutions and sufficient conditions for the existence of invariant measures
are presented. In the case of the Hilbert spaces, all the possible invariant measures are
characterized.

1 Introduction

This work starts from the interest rates term structure model proposed by Musiela in 1993
[6]. In that work, Musiela proposed a forward rate model in which r(t, x) represented the
rate at which one can enter a contract (to borrow or to lend) at time t for a short period of
time at t+ x, with x ≥ 0. This approach is similar to the Heath - Jarrow - Morton model
treated in [4], with the difference that the last one uses an f such that f(t, t+ x) = r(t, x).
As in [4], the work furnished an equation for the forward rate, provided we are under the
measure for which the actualized bond price is a martingale. Making right hypotheses, the
problem is taken back to a Langevin equation taking values in a suitable function space
(W 1,1

loc if no other hypotheses are given). The explicit solution of the equation was then given
and conditions under which an invariant measure exist were presented. But these results
were given without proof and the function spaces where the solutions and the invariant
measures lie were not explicitly indicated. Moreover, whether such invariant measure is
unique, and, in the opposite case, a characterization of all invariant measures, are questions
not discussed in [6].

This article deals with the problem treated by Musiela; in particular, it studies the
Langevin equation in different spaces contained in W 1,1

loc ([0,+∞)). For each space the prob-
lems of the existence of a mild solution, of finding its law and of the existence (and possibly
of the uniqueness) of an invariant measure are studied. We obtain, in particular, the results
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already given in [6]; besides, in some of our spaces, we find other invariant measures than
the one found in [6] and we obtain a complete characterization of all the invariant measures.
Paragraph 2 is a presentation of the Musiela model. Paragraph 3 presents the hypotheses
under which the equation becomes a Langevin equation and contains the formulation of the
problem solved in this article. Paragraph 4 gives some general theory about the Langevin
equation in separable Hilbert spaces and an abstract theorem about existence of invariant
measures for a Langevin equation in separable Hilbert spaces. For this paragraph and for
the three following, we deal with the theory of stochastic integration as presented in [2].
In paragraph 5, the Musiela equation is studied in the Hilbert space H1

γ([0,+∞)), which
is a linear subspace of W 1,1

loc ([0,+∞)); we find a wide range of invariant measures, showing
also that all of them have equal plausibility, that is there is not a privileged measure. In
paragraph 6 the same equation is studied in H1([0,+∞)), and we find out that there exist
only one invariant measure in this space. In paragraph 7 similar results in two other Hilbert
spaces, namely L2

γ([0,+∞)) and L2([0,+∞)), are given for a mathematical curiosity. In
paragraph 8 the equation is studied in the general case, that is, lacking other hypotheses,
the equation has to be solved in W 1,1

loc ([0,+∞)). For this, we embed W 1,1
loc ([0,+∞)) in the

Schwartz distributions space and we use the stochastic calculus theory presented in [5] for
this space. Also, here we find out that there are infinitely many invariant gaussian mea-
sures, Finally, there is an appendix, in which the semigroup results that were useful during
the article are stated and proved.

Now a word about the mathematical modelling. Which space is the right one in the
applications is not yet clear. In some cases, it seems natural to deal with diffusion terms
τ(x) which decay to zero as x tends to infinity. In such a case, the space H1 may be
appropriate and we find that the system displays a unique asymptotic regime (governed by
the unique invariant measure we find in that space). In other situations, diffusion terms
having finite limit different from zero are natural, so that we use the spaces H1

γ and W 1,1
loc .

In such case the asymptotic regime may depend upon the initial data r(0, x) and a large
variety of asymptotic evolutions are possible.

Just a word about the mathematical techniques. It is frequent, in works dealing with
Ornstein - Uhlenbeck processes and Langevin equations in spaces like D∗, to start with the
Ornstein - Uhlenbeck process, and then to prove that it satisfies a Langevin equation, where
the corresponding semigroup satisfies some properties (namely, it is an equicontinuous C0

semigroup) (see for example [1]). Here, we started from a concrete problem and we obtained
an equation to be satisfied by a process, so we built the process given the equation following
the most logical way to arrive to the solution. The problem here was that our semigroup
was not an equicontinuous C0 semigroup, so we had to introduce a new definition, namely
that of a locally equicontinuous C0 semigroup. This is a property which our semigroup
satisfies, and so all the machinery works.

A final note: the original model of Musiela uses a 1-dimensional Brownian motion,
but the results found in this case are trivially extendible to the case of a k-dimensional
Brownian motion. An extension to the case of a generic infinite dimensional Brownian
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motion can be difficult, expecially in the general case rt ∈ W 1,1
loc . For this reason, in this

work all the results are stated using a k-dimensional Brownian motion, but the proofs and
the calculations in general are carried out using a 1-dimensional Brownian motion in order
not to lose the main ideas behind too many calculations.

2 Presentation of the Musiela model

Let’s introduce now the Musiela interest rate term structure model. We have a probability
space (Ω,F ,P), with the filtration (Ft)t≥0. We suppose to have only a single bond in the
market, and we suppose that the price at time t of a bond expiring at time T is given by
the process (P (t, T ))t≥0. We suppose to have a two parameters process (r(t, x))t,x≥0, called
forward rate process, in which r(t, x) represents the rate at which at time t one can enter
a contract (to borrow or lend money) at time T = t + x, for a short period of time. Then
the price at time t of a bond expiring at time T = t+ x is given by:

P (t, T ) = P (t, t+ x) = exp
(
−
∫ x

0
r(t, u) du

)

We call spot rate process the process (r(t, 0))t; it represents the rate at which at
time t one can enter a contract expiring immediately after. We also call price progress
of the savings account the process (β(t))t, given by:

β(t) = exp
(∫ t

0
r(u, 0) du

)

The actualized price at time t of a bond expiring at time t+ x is given by:

P̃ (t, T ) =
P (t, T )
β(t)

= exp

(∫ t

0
r(u, 0) du−

∫ T−t

0
r(t, u) du

)
=

= exp
(∫ t

0
r(u, 0) du−

∫ x

0
r(t, u) du

)
Now we add the hypotheses that there exists a k-dimensional standard brownian mo-
tion (Wt)t adapted to (Ft)t, and there exist two two-parameter progressively measur-
able processes (α(t, x))t,x≥0, (τ(t, x))t,x≥0 such that ∀x ≥ 0, (α(t, x))t has trajectories in
L1([0,+∞); R), (τ∗(t, x))t has trajectories in L2([0,+∞); Rk) and such that the forward
rate satisfies the following stochastic differential equation:{

dr(t, x) = α(t, x) dt+ τ∗(t, x) dWt

r(0, x) given
(1)

A natural thing to ask is that the actualized bond price process (P̃ (t, T ))t is a martingale
under a suitable measure P. To this purpose, we cite the:
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Theorem 1 : if we model the forward rate with an equation of the form (1), then the
following facts are equivalent:

1) ∀T > 0 the process (P̃ (t, T ))t is a local martingale with rispect to P.

2) the process (rt(x))t is such that ∀t ∈ [0,+∞)) the application x → r(t, x) P-a.s.
belongs to AC([0,+∞)) and:

α(t, x) =
∂

∂x

(
r(t, x) +

1
2

∣∣∣∣∫ x

0
τ(t, u) du

∣∣∣∣2
)

For a proof see [6].
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The forward rate model obtained in this way is then the following:{
dr(t, x) =

(
∂
∂xr(t, x) + τ∗(t, x)

∫ x
0 τ(t, u) du

)
dt+ τ∗(t, x) dWt

r(0, x) given
(2)

Now we will study this model using more powerful instruments. We now view the pro-
cess (r(t, x))t,x no more as a real two parameter process, but as a one parameter process
taking values in the absolutely continuous functions space on ([0,+∞)), which will be iden-
tified with the Sobolev space W 1,1

loc ([0,+∞)), and we write the equation (2) as a stochastic
differential equation taking values in W 1,1

loc .
Taking:

A =
∂

∂x

τt(x) = τ(t, x)

ct(x) = τ∗t (x)
∫ x

0
τt(u) du

then equation (2) becomes the following equation taking values in W 1,1
loc :{

drt = (Art + ct) dt+ τ∗t dWt

r0 ∈W 1,1
loc

(3)

If we make the further hypotheses that (Ft)t is the completion of the natural filtration of
the brownian motion (Wt)t, and that |τt(x)| ≤M(T ) ∀t, x such that t+ x ≤ T P-a.s., then
the process (P̃ (t, T ))t is a martingale; then the hypotheses of the martingale representation
theorem hold, and so every integrable random variable (that is every contingent claim) can
be represented as the sum of his expectation, which is the arbitrage free price of the claim,
and of a stochastic integral with respect to (Wt)t. Besides, we can construct a self-financing
portfolio strategy based on P (., T ) and on β(.), which simulates the claim (see [6]).
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3 Formulation of the problem

Now we make some hypotheses under which this equation will have explicit solutions. We
suppose that the process (τt)t is identically equal to a real k-valued deterministic function
τ(x) belonging to W 1,1

loc . Then the equation becomes:{
drt = (Art + c) dt+ τ∗ dWt

r0 ∈ L2(Ω,F0,P;H)
(4)

This is a Langevin equation, which, under right hypotheses, has an explicit solution.

We now want to study the equation. We start by considering two particular sepa-
rable Hilbert spaces contained in W 1,1

loc . We use the theory of the stochastic integration in
separable Hilbert spaces contained in [2] which is somewhat complete. In particular, we
will study the equation in the spaces:

H1
γ([0,+∞)) = W 1,2

γ ([0,+∞)) =
{
u : [0,+∞)→ R | u ∈ L2

γ([0,+∞)), u′ ∈ L2
γ([0,+∞))

}
H1([0,+∞)) = W 1,2([0,+∞)) =

{
u : [0,+∞)→ R | u ∈ L2([0,+∞)), u′ ∈ L2([0,+∞))

}
where u′ is the weak derivative of u with respect to x, and:

L2
γ([0,+∞)) =

{
u : [0,+∞)→ R

∣∣∣∣ u meas. and s.t.
∫ +∞

0
u2(x)e−γx dx < +∞

}

L2([0,+∞)) =
{
u : [0,+∞)→ R

∣∣∣∣ u meas. and s.t.
∫ +∞

0
u2(x) dx < +∞

}
H1
γ is a Hilbert space with the scalar product:

< f, g >H1
γ
= γ

∫ +∞

0
f(x)g(x)e−γx dx+ γ

∫ +∞

0
f ′(x)g′(x)e−γx dx (5)

and H1 is a Hilbert space with the scalar product:

< f, g >H1=
∫ +∞

0
f(x)g(x) dx+

∫ +∞

0
f ′(x)g′(x) dx (6)

Then, after having cited, only for a mathematical curiosity, similar results in L2
γ and in L2,

we will study the equation in his natural environment, that is in the space:

W 1,1
loc ([0,+∞)) =

{
u : [0,+∞)→ R | u[0,T ] ∈ L1([0, T )), u′[0,T ] ∈ L

1([0, T )) ∀T > 0
}

In order to study the equation, we will embed W 1,1
loc in the Schwarz distributions space

D∗, dual of the space C∞0 ((−∞,+∞)), which is a locally convex space with respect to some
Hilbertian norms (for a detailed discussion, see the appendix); in doing this, we will follow
the theory presented in [5].
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In all the spaces cited above we will examine the following problems:

- to find an explicit mild solution

- to find the marginal law of the solutions rt ∀t > 0 and the joint law of the process
(rt)t>0

- existence, uniqueness (when it holds) and characterization of the invariant measures
for the solution process

4 Preliminaries about Langevin equations in Hilbert spaces

Now we give a bit of general theory about the Langevin equation on separable Hilbert
spaces.

We suppose we have a separable Hilbert space H, such that r0 ∈ L2(Ω,F0,P;H),
c ∈ H, that A : D(A) → H is the infinitesimal generator of a C0 semigroup of linear
continuous operators (see appendix), that (Wt)t is a Q-Wiener process in H, that is a
(Ft)t-stochastic process such that:

1) W0 = 0
2) (Wt)t has continuous trajectories
3) ∀s < t, Wt −Ws is independent from Fs
4) ∀s < t, Wt −Ws has gaussian law equal to N(0, (t − s)Q), where Q : H → H is

linear, bounded, symmetric, positive and such that Tr Q < +∞
and that, if we call Qt = StQS

∗
t , then

∫ t
0 Tr Qu du < +∞, then the equation{

drt = (Art + c) dt+ dWt

r0 ∈ L2(Ω,F0,P;H)
(7)

has exactly one mild solution, which is the Ornstein-Uhlenbeck process in the Hilbert space
H:

rt = Str0 +
∫ t

0
St−uc du+

∫ t

0
St−u dWu

If r0 is a gaussian random variable, then the solution is a gaussian process with
functional mean:

E[rt] = Str0 +
∫ t

0
St−uc du (8)

and functional covariance (if t ≤ v):

Cov(rt, rv) = SvCov(r0, r0)S∗t +
∫ t

0
Sv−uQS

∗
t−u du (9)

This means that ∀f, g ∈ H:

E[< f, rt >H ] =< f, Str0 >H + < f,

∫ t

0
St−uc du >H
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Cov(< f, rt >H , < g, rv >H) = < (SvCov(r0, r0)S∗t )f, g >H +
∫ t

0
< Sv−uQS

∗
t−uf, g >H=

= < Cov(r0, r0)S∗t f, S
∗
vg >H +

∫ t

0
< QS∗t−uf, S

∗
v−ug >H du

For a proof of these facts, see [2].

Applying these results to our equation, since A = ∂
∂x , the natural semigroup is the

translation semigroup (St)t such that:

Stf(x) = f(t+ x), t, x ≥ 0

Moreover, the Wiener process is of the kind (
∑k
i=1 τiW

i
t )t, where τ ∈ Hk and (Wt)t

is a real k-dimenional Wiener process; then Q =
∑k
i=1 τi ⊗ τi, in the sense that:

Qf =
k∑
i=1

< τi, f >H τi ∀f ∈ H

Then Tr Q =
∑k
i=1 ‖τi‖2H < +∞. The solution becomes:

rt(x) = Str0(x) +
∫ t

0
St−uc(x) du+

k∑
i=1

∫ t

0
St−uτi(x) dW i

u =

= r0(x+ t) +
k∑
i=1

∫ t

0
τi(x+ t− u)

(∫ x+t−u

0
τi(v) dv

)
du+

+
∫ t

0
τi(x+ t− u) dW i

u =

= r0(x+ t) +
k∑
i=1

∫ x+t

x
τi(u)

∫ u

0
τi(v) dv du+

k∑
i=1

∫ t

0
τi(x+ t− u) dW i

u =

= r0(x+ t) +
k∑
i=1

∫ x+t

0
τi(u)

∫ u

0
τi(v) dv du+

−
k∑
i=1

∫ x

0
τi(u)

∫ u

0
τi(v) dv du+

k∑
i=1

∫ t

0
τi(x+ t− u) dW i

u =

= r0(x+ t) +
1
2

k∑
i=1

((∫ x+t

0
τi(u) du

)2

−
(∫ x

0
τi(u) du

)2
)

+

+
k∑
i=1

∫ t

0
τi(x+ t− u) dW i

u

The solution is a gaussian process with functional mean (8) and functional covariance (9);
this means that ∀f, g ∈ H:

E[< rt, f >H ] =< r0(.+ t), f >H +
1
2

k∑
i=1

<

((∫ .+t

0
τi(u) du

)2

−
(∫ .

0
τi(u) du

)2
)
, f >H
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Cov(< rt, f >H , < rv, g >H) = < SvCov(r0, r0)S∗t f, g >H +

+
k∑
i=1

<

(∫ s

0
τi(.+ t− u)⊗ τi(.+ v − u) du

)
f, g >H=

= < Cov(r0, r0)S∗t f, S
∗
vg >H +

+
k∑
i=1

∫ t

0
<< τi(.+ t− u), f >H τi(.+ v − u), g >H du =

= < Cov(r0, r0)S∗t f, S
∗
vg >H +

+
k∑
i=1

∫ t

0
< τi(.+ t− u), f >H< τi(.+ v − u), g >H du

In some applications it can be useful to know only mean and covariance of particular rates
and not necessarily all the forward rates curve (for example, to know the spot rate at time
t, it is sufficient to know only rt(0)). This can be done with the theory given before: if
the Hilbert space H is a subset of the space of the continuous functions C0([0,+∞)), then
∀t, v, x, y ≥ 0:

E[rt(x)] = E[r(0, x+ t)] +
1
2

k∑
i=1

((∫ x+t

0
τi(u) du

)2

−
(∫ x

0
τi(u) du

)2
)

(10)

Cov(rt(x), rv(y)) = Cov(r0(t+ x), r0(v + y)) +
k∑
i=1

∫ t

0
τi(x+ t− u)τi(y + v − u) du (11)

To deal with the invariant measures problem, we will need the following theorem:

Theorem 2 : if we call Qt =
∫ t

0 SuQS
∗
u du, and the following condition is satisfied:

1) supt≥0 Tr (Qt) < +∞

together with one of the following:

2) it exists an invariant measures ν for the equation:

dZt = (AZ + c) dt

3) if c ∈ Im(A), and it exists an invariant measure ν for the equation:

dZt = AZ dt

then it exists an invariant measure for the equation (7), and in particular:

- if (2) is satisfied, then every invariant measure is of the form:

µ = ν ∗N(0, Q∞)
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- if (3) is satisfied, then every invariant measure is of the form:

µ = ν ∗ δb ∗N(0, Q∞)

where b ∈ D(A) is a vector in H such that Ab = −c.

For a proof see [3].
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5 The forward rate equation in the space H1
γ

Now let’s study the case in which the Hilbert space is H1
γ([0,+∞)), endowed with the scalar

product (5).

Theorem 3 : if τi ∈ H1
γ ∩H1 ∩ L4

γ ∀i = 1, ..., k and r0 ∈ L2
γ, then it exist a unique mild

solution of the equation (4), given by:

rt(x) = r0(x+ t) +
1
2

k∑
i=1

((∫ x+t

0
τi(u) du

)2

+
(∫ x

0
τi(u) du

)2
)

+
k∑
i=1

∫ t

0
τi(x+ t− u) dW i

u

(12)
The solution is a gaussian process with functional mean (8) and functional covariance (9).

Proof: first we must check that the equation is well defined in this space. We then impose
the conditions r0 ∈ H1

γ , τ ∈ H1
γ , c ∈ H1

γ and
∫ t

0 Tr (SuQS∗u) du < +∞ ∀t. The calculations
for these two last conditions are somewhat hard, but we can find sufficient conditions for
this to happen. Later we will find out that these conditions are necessary for the existence
of an invariant measure.

First of all we must check that the weak derivative of c is well defined:

∂

∂x
c(x) =

∂τ

∂x
(x)

∫ x

0
τ(u) du+ τ2(x)

is well defined, because τ ∈ H1
γ ; let’s check now that both c and c′ are in L2

γ : if we impose
that τ ∈ L2([0,+∞)), then we have that:∫ +∞

0
c2(x)γe−γx dx =

∫ +∞

0
τ2(x)γe−γx

(∫ x

0
τ(u) du

)2

dx ≤

≤
∫ +∞

0
τ2(x)γe−γxx

∫ x

0
τ2(u) du dx ≤

≤
∫ +∞

0
τ2(x)γe−γxx

∫ +∞

0
τ2(u) du dx ≤

≤ ‖τ‖2L2

∫ +∞

0
τ2(x)‖γxe−γx‖C0 dx ≤ ‖γxe−γx‖C0‖τ‖4L2
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and then c ∈ L2
γ . Now let’s check the weak derivative:

‖c′‖L2
γ
≤ 2

∥∥∥∥∂τ∂x
∫ .

0
τ(u) du

∥∥∥∥
L2
γ

+ 2‖τ2‖L2
γ

=

= 2
∫ +∞

0

(
∂τ

∂x
(x)

∫ x

0
τ(u) du

)2

γe−γx dx+ 2‖τ‖2L4
γ

=

= 2
∫ +∞

0

(
∂τ

∂x
(x)
)2 (∫ x

0
τ(u) du

)2

γe−γx dx+ 2‖τ‖2L4
γ
≤

≤ 2
∫ +∞

0

(
∂τ

∂x
(x)
)2

x

∫ x

0
τ2(u) du γe−γx dx+ 2‖τ‖2L4

γ
≤

≤ 2
∫ +∞

0

(
∂τ

∂x
(x)
)2 ∫ +∞

0
τ2(u) du xγe−γx dx+ 2‖τ‖2L4

γ
≤

≤ 2‖τ‖2L2

∫ +∞

0

(
∂τ

∂x
(x)
)2

xγe−γx dx+ 2‖τ‖2L4
γ
≤

≤ 2‖τ‖2L2

∥∥∥∥∂τ∂x
∥∥∥∥2

L2
‖xγe−γx‖C0 + 2‖τ‖2L4

γ

Then τ ∈ L4
γ , τ
′ ∈ L2 and τ ∈ L2 are sufficient conditions for c ∈ H1

γ Then one can verify
that A : D(A) → H is the infinitesimal generator of the C0 semigroup (St)t, and has the
domain:

D(A) = H2
γ([0,+∞)) = W 2,2

γ ([0,+∞)) = {u ∈ L2
γ | u′ ∈ L2

γ , u
′′ ∈ L2

γ}

where u′ indicates the first weak derivative, and u′′ the second weak derivative. For
a proof, see the appendix.

Finally, we have to check that:∫ t

0
Tr (SuQS∗u) du =

∫ t

0
‖τ(.+ u)‖2H1

γ
du ≤

∫ +∞

0
‖τ(.+ u)‖2H1

γ
du =

=
∫ +∞

0

∫ +∞

0
γ(τ2(x+ u) + τ ′2(x+ u))e−γx dx du =

=
∫ +∞

0
γe−γx

∫ +∞

0
(τ2(x+ u) + τ ′2(x+ u)) du dx =

=
∫ +∞

0
γe−γx

∫ +∞

x
(τ2(u) + τ ′2(u)) du dx ≤

∫ +∞

0
γe−γx‖τ‖2H1 dx

We notice that the condition τ ∈ H1 is sufficient to have
∫ t

0 Tr (SuQS∗u) du < +∞.

2

Now we analize the problem of finding an invariant measure. First of all we estimate
sup Tr Qt:

sup
t≥0

Tr Qt =
∫ +∞

0
‖τ(.+ u)‖2H1

γ
du ≤

k∑
i=1

∫ +∞

0
γe−γx‖τ‖2H1 dx
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We notice that the condition τ ∈ H1 is sufficient to guarantee that sup Tr Qt < +∞.
Conversely, it is also necessary, since the integral to the last member but one converges only
if the integrand function is almost surely finite, that is whether

∫+∞
x (τ2(u) + τ ′2(u)) du

exists for almost every x.
Let’s check now the condition (2) of the proposition (2). To find an invariant measure

for the equation
dZt = (AZt + c) dt (13)

we search for a solution of the partial differential equation:

∂z

∂t
=
∂z

∂x
+ c

independent from time. We try to solve the differential equation:

∂z

∂x
+ c = 0

in the space H1
γ ; a solution of this equation is:

z(x, t) = z∗(x) = −
∫ x

0
c(x) dx = −

∫ x

0
τ(u)

∫ u

0
τ(v) dv du

Let’s check if z∗(x) ∈ H1
γ . First of all let’s verify that z∗(x) ∈ L2

γ :

|z∗(x)| =
∣∣∣∣∫ x

0
τ(u)

∫ u

0
τ(v) dv du

∣∣∣∣ ≤ ∫ x

0
|τ(u)|

∫ u

0
|τ(v)| dv du ≤

=
1
2

(∫ x

0
|τ(u)| du

)2

≤ 1
2
x

∫ x

0
|τ(u)|2 du ≤ x‖τ‖2L2

γ

so ‖z∗‖L2
γ
≤ ‖τ‖2L2

γ
‖x‖L2

γ
, and z∗ ∈ L2

γ .

Besides, z∗ has the weak derivative equal to −c, which is in H1, and so in L2; then
z∗ ∈ H1, so, if the initial data has law δz∗ , then the soluzion has law δz∗ ∀t ≥ 0, and then
there exists an invariant measure for the equation (13).

We also notice that also the constant functions belong to H1
γ , and so every initial data

of the kind δz∗+d, d ∈ R generates an invariant measure, and the corresponding process has
a marginal law δz∗+d ∀t ≥ 0.

We notice that we have infinitely many invariant measures. A possible characteriza-
tion theorem of all would be very intricate. In fact, if we take for (13) an initial data f ∈ H1

γ

periodical with period T , then the solution for (Z) would be z(x, t) = f(t + x). Then, if
we define the random variable π : ([0, T ],B([0, T ])) ∈ H1

γ such that π(t) = f(. + t) and we
pose the uniform density on [0, T ], then π induces a measure µf on H1

γ such that the initial
data has law µf , then we obtain an invariant measure with marginal law µf ∀t ≥ 0. We
stop here and we collect the results we obtain in the following:
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Theorem 4 : given the equation (4) in the Hilbert space H1
γ , a necessary and sufficient

condition to have an invariant measure is:

τi ∈ H1
γ([0,+∞)) ∩H1([0,+∞)) ∀i = 1, ..., k

and there exist infinitely many invariant measures. In particular, the measures of the
kind:

δz∗+c ∗N(0, Q∞), c ∈ R

µf ∗N(0, Q∞), f ∈ H1
γ periodical

are invariant measures, where:

Q∞ =
k∑
i=1

∫ +∞

0
τi(.+ u)⊗ τi(.+ u) du

z∗(x) = −
k∑
i=1

∫ x

0
τi(u)

∫ u

0
τi(v) dv du

f ∈ H1
γ is periodical with period T and µf is the measure induced by the uniform

density on [0, T ] via the application t→ f(t+ .).

2

Now a problem arises: from where do we get all these invariant measures? More precisely,
if we take a general initial data, will there be let’s say a privileged invariant measure to
which this initial data would converge in some way? Or do all these measures have equal
dignity?

Let’s make a try (with k = 1): let’s take an initial data with a degenerate law
concentrated on r0, and let’s see what happens to the marginal law of the solution rt(P).
The solution rt has functional mean:

E[rt](.) = E[Str0](.) + E

[∫ t

0
St−uc du

]
(.) =

= r0(.+ t) +
∫ t

0
τ(.+ t− u)

∫ .+t−u

0
τ(v) dv du =

= r0(.+ t) +
∫ .+t

.
τ(u)

∫ u

0
τ(v) dv du

and functional variance:

V ar[rt] =
∫ t

0
τ(.+ t− u)⊗ τ(.+ t− u) du =

∫ t

0
τ(.+ u)⊗ τ(.+ u) du

12



If r0 has a finite limit for x→ +∞, (and we call this limit r0(∞)), r′0 has limit equal
to 0 for x→ +∞, and τ ∈ H1

γ ∩H1, then ∀f, g ∈ H1
γ we have:

limt→+∞ < E[rt], f >H1
γ
= lim

t→+∞

(∫ +∞

0
f(x)r0(x+ t)e−γx dx+

+
∫ +∞

0
f ′(x)r′0(x+ t)γe−γx dx+

+
∫ +∞

0
f(x)

(∫ x+t

x
τ(u)

∫ u

0
τ(v) dv du

)
e−γx dx+

+
∫ +∞

0
f ′(x)

(
τ(x+ t)

∫ x+t

0
τ(v) dv − τ(x)

∫ x

0
τ(v) dv

)
e−γx dx

)
=

=< r0(∞), f >H1
γ

+γ
(∫ +∞

0
f(x)

(∫ +∞

x
τ(u)

∫ u

0
τ(v) dv du

)
e−γx dx+

+
∫ +∞

0
f ′(x)

(
−τ(x)

∫ x

0
τ(v) dv

)
e−γx dx

)
=

=< r0(∞), f >H1
γ

+ <

∫ +∞

.
τ(u)

∫ u

0
τ(v) dv du, f >H1

γ

lim
t→+∞

< V ar[rt]f, g >H1
γ

= lim
t→+∞

∫ t

0
< τ(.+ u), f >H1

γ
< τ(.+ u), g >H1

γ
du =

=
∫ +∞

0
< τ(.+ u), f >H1

γ
< τ(.+ u), g >H1

γ
du

and so we have:

lim
t→+∞

E[rt](.) = r0(∞) +
∫ +∞

.
τ(u)

∫ u

0
τ(v) dv du =

= r0(∞) +
1
2

((∫ +∞

0
τ(u) du

)2

−
(∫ .

0
τ(u) du

)2
)

lim
t→+∞

V ar[rt] =
∫ +∞

0
τ(.+ u)⊗ τ(.+ u) du

so the functional mean and covariance of the marginal law of the solution process
converge to the functional mean and covariance of an invariant law, and so, since we are
dealing with normal laws, this means that the marginal law of the solution converges weakly
to an invariant measure. The particular invariant measure to which the solution law con-
verge is determined by r0(∞). In fact, if we build a suitable initial function r0, it is possible
to reach any invariant gaussian law we found in the last theorem; then it seems that there
are no privileged invariant measures.

6 The forward rate equation in the space H1

Now, let’s study the equation in the space H1([0,+∞)).

13



Theorem 5 : if ∀i = 1, ..., k, τi(x) ∈ H1([0,+∞)) ∩ L4([0,+∞)),
√
xτi(x) ∈ L2([0,+∞)),√

xτ ′i(x) ∈ L2([0,+∞)) and r0 ∈ H1([0,+∞)), then the equation (4) has an unique solution
in H1, given by (12), which is a gaussian process with functional mean (8) and functional
covariance (9).

Proof: for the equation to have sense, we require that τ ∈ H1, c ∈ H1,
∫ t

0 Tr (StQS∗u) du <
+∞ ∀t and that A is the infinitesimal generator of a C0 semigroup in H1. For a proof of
this last fact, we send the interested reader to the appendix. Now, let’s check the second
condition. As in the previous case, for c ∈ H1 we give only a sufficient condition, which we
will find necessary to have an invariant measure. We start seeing that c ∈ L2:∫ +∞

0
τ2(x)

(∫ x

0
τ(u) du

)2

dx =
∫ +∞

0
τ2(x)x

∫ x

0
τ(u)2 du dx ≤ ‖τ‖L2

∫ +∞

0
τ2(x)x dx

so a sufficient condition for c to be in L2 is that
√
uτ(u) ∈ L2. Now we have to verify

that the weak derivative of c:

∂

∂x
c(x) =

∂τ

∂x
(x)

∫ x

0
τ(u) du+ τ2(x)

is well defined. This is true, since τ ∈ L2. Now, let’s verify that c′ ∈ L2:

‖c′‖2L2 ≤ 2
∥∥∥∥∂τ∂x

∫ .

0
τ(u) du

∥∥∥∥2

L2
+ 2‖τ2‖2L2 = 2

∫ +∞

0

(
∂τ

∂x
(x)

∫ x

0
τ(u) du

)2

dx+ 2‖τ‖4L4 =

= 2
∫ +∞

0

(
∂τ

∂x
(x)
)2 (∫ x

0
τ(u) du

)2

dx+ 2‖τ‖4L4 ≤

≤ 2
∫ +∞

0

(
∂τ

∂x
(x)
)2

x

∫ x

0
τ2(u) du dx+ 2‖τ‖4L4 ≤

≤ 2
∫ +∞

0

(
∂τ

∂x
(x)
)2 ∫ +∞

0
τ2(u) du x dx+ 2‖τ‖4L4 ≤

≤ 2‖τ‖2L2

∫ +∞

0

(
∂τ

∂x
(x)
)2

x dx+ 2‖τ‖4L4 = 2‖τ‖2L2‖
√
xτ ′(x)‖2L2 + 2‖τ‖4L4

and so sufficient conditions for c ∈ H1 are τ ∈ L4,
√
xτ(x) ∈ L2,

√
xτ ′(x) ∈ L2.

The domain of A this time is the space:

D(A) = H2([0,+∞)) = W 2,2([0,+∞)) = {u ∈ L2 | u′ ∈ L2, u′′ ∈ L2}

where u′ is the first weak derivative, and u′′ the second weak derivative. One can
verify, as before, that (St)t is a C0 semigroup having infinitesimal generator A.

Finally:∫ t

0
Tr (StQS∗t ) dt =

∫ t

0
‖τ(.+ u)‖2H1 du ≤

∫ +∞

0
‖τ(.+ u)‖2H1 du =

=
∫ +∞

0

∫ +∞

0
(τ2(x+ u) + τ ′2(x+ u)) dx du =

14



=
∫ +∞

0

∫ +∞

x
(τ2(u) + τ ′2(u)) du dx ≤

≤
∫ +∞

0
(τ2(u) + τ ′2(u))

∫ u

0
dx du =

=
∫ +∞

0
u(τ2(u) + τ ′2(u)) du = ‖

√
xτ(x)‖L2 + ‖

√
xτ ′(x)‖L2

so the conditions
√
xτ(x) ∈ L2,

√
xτ ′(x) ∈ L2 are sufficient for the integral to converge.

2

Now, let’s check the conditions (1) and (3) of the proposition (2). As before, we have that:

Q = τ(.)⊗ τ(.)

Qt =
∫ t

0
τ(.+ u)⊗ τ(.+ u) du

sup
t≥0

Tr Qt =
∫ +∞

0
‖τ(.+ u)‖2H1 du ≤

≤ ‖
√
xτ(x)‖L2 + ‖

√
xτ ′(x)‖L2

so the conditions
√
xτ(x) ∈ L2,

√
xτ ′(x) ∈ L2 are necessary to have an invariant measure.

Let’s check now the point (3). Let’s look for a b ∈ D(A) such that Ab = −c; then the
condition is:

b(x) = b0 −
∫ x

0
τ(u)

∫ u

0
τ(v) dv du = b0 −

1
2

(∫ x

0
τ(u) du

)2

b is a decreasing function; then b ∈ L2 only if limx→+∞ b(x) = 0. This determines b0:

lim
x→+∞

b(x) = b0 + lim
x→+∞

1
2

(∫ x

0
τ(u) du

)2

the necessary conditions for this limit to be equal to 0 are that τ ∈ L1 and that

b0 = −1
2

(∫+∞
0 τ(u) du

)2
.

Now let’s see under which condition b ∈ L2:∫ +∞

0
b2(x) dx =

1
4

∫ +∞

0

((∫ +∞

0
τ(u) du

)2

−
(∫ x

0
τ(u) du

)2
)2

dx =

=
1
4

∫ +∞

0

(∫ +∞

x
τ(u) du

)2 (∫ x

0
τ(u) du+

∫ +∞

0
τ(u) du

)2

dx =

=
1
4

∫ +∞

0

(∫ +∞

x
τ(u) du

)2 (∫ x

0
τ(u) du

)2

dx+
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+
1
2
‖τ‖2L1

∫ +∞

0

(∫ +∞

x
τ(u) du

)2 (∫ x

0
τ(u) du

)
dx

+
1
4
‖τ‖2L1

∫ +∞

0

(∫ +∞

x
τ(u) du

)2

dx ≤

≤ ‖τ‖2L1

∫ +∞

0

(∫ +∞

x
τ(u) du

)2

dx

From the last but one passage we obtain that the condition
∫+∞
x τ(u) du ∈ L2 is necessary

to have b ∈ L2; then, from the last passage, this condition is also sufficient.
Now we must verify that b ∈ H2; for this it is sufficient that b′ is well defined and

belongs to H1; now we remember that Ab = b′ = −c ∈ H1; then we found the b we were
looking for.

Then, if the above condition is verified, every invariant measure is of the kind:

µ = ν ∗ δb ∗N(0, Q∞)

where b ∈ D(A) is such that Ab = −c, and ν is an invariant measure for the equation:

dZt = (AZt) dt (14)

then b(x) = −z(x) is the unique function verifying the condition on b. Now, let’s search for
invariant measures for the equation (14). First of all let’s search for solutions having as a
marginal law a Dirac delta; this is equivalent to solve the differential equation:{

z′ = Az
z0 ∈ L2

in the space H1, whose solution is Stz0, that is: z(x, t) = z0(x+ t). Since we want a
stationary solution, we must have that Stz0 = z0, that is z0 = const.; but the only constant
function in H1 is the zero, and so the only invariant measure of the kind δz is δ0.

We claim that this is the only invariant measure for (14). To this aim we define, as
usual, the following function classes:

Bb(H) = {φ : H → R | φ measurable and bounded}

Cb(H) = {φ : H → R | φ continuous and bounded}

M+
1 (H) = {µ | µ probability measure on (H,B(H))}

and the following operators:

Pt : Bb(H)→ Bb(H) such that ∀φ ∈ Bb(H),∀x ∈ H : (Ptφ)(x) = E[φ(Zt(x))]

P : [0, T ]×H × B(H)→ R such that ∀t ∈ [0, T ], x ∈ H,B ∈ B(H):

P (t, x,B) = Pt1B(x) = E[1B(Zt(x))] = L(Zt(x))(B)
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P ∗t : M+
1 →M+

1 such that ∀µ ∈M+
1 ,∀B ∈ B(H) : (P ∗t µ)(B) =

∫
H
P (t, x,B) dµ(x)

at last, we define the duality pairing between Bb(H) and M+
1 (B(H)):

< φ, µ >=
∫
H
φ(x) dµ(x)

Then we have that ∀φ ∈ Bb(H),∀µ ∈M+
1 (H):

< Ptφ, µ >=< φ,P ∗t µ >

It is well known that, if we call Zt(X) the solution of the equation (14) at time t having
initial data X and we call the law of X L(X) = ν, then P ∗t ν = L(Zt(X)), and P ∗t δx =
L(Zt(x)) ∀x ∈ H. In our case, we have that if f ∈ H1, then P ∗t δf = δStf . However, since
the existence of ν ∈ M+

1 such that ∀x ∈ H : P ∗t δx →weak ν implies that ∀µ ∈ M+
1 :

P ∗t µ →weak ν, then ν is the unique invariant measure, and, if H is an Hilbert space and
ft → f strongly, then δft →weak δf , then, since ∀f ∈ H1, limt→+∞ Stf = 0, all this implies
that P ∗t δf →weak δ0 ∀f ∈ H1, and so that δ0 is the only invariant measure for the equation
(14).

We have just proved the following:

Theorem 6 : given the equation (4) in the Hilbert space H1, necessary and sufficient
conditions to have an invariant measure are:

∀i = 1, ..., k :


τi(x) ∈ H1([0,+∞)) ∩ L1([0,+∞))√
xτi(x) ∈ L2([0,+∞)),

√
xτ ′i(x) ∈ L2([0,+∞))∫+∞

x τi(u) du ∈ L2([0,+∞))

in these hypotheses only the following invariant measure exists:

δb∗+b0 ∗ δ0 ∗N(0, Q∞) = N(b∗ + b0, Q∞)

where:

b∗(x) + b0 =
k∑
i=1

∫ x

0
τi(u)

∫ u

0
τi(v) dv du−

∫ +∞

0
τi(u)

∫ u

0
τi(v) dv du

Q∞ =
∫ +∞

0
τi(.+ u)⊗ τi(.+ u) du

2
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7 Other two examples

Let’s cite, only out of a mathematical curiosity, the same results as before in the case that
the Hilbert spaces are:

H = L2
γ([0,+∞)) =

{
u : [0,+∞)→ R

∣∣∣∣ u meas. and s.t.
∫ +∞

0
u2(x)e−γx dx < +∞

}

H = L2([0,+∞)) =
{
u : [0,+∞)→ R

∣∣∣∣ u meas. and s.t.
∫ +∞

0
u2(x) dx < +∞

}

Theorem 7 : if τi ∈ L2
γ ∩ L2 ∀i = 1, ..., k, and r0 ∈ L2

γ, then it exists an unique mild
solution of the equation (4) in the space L2

γ, given by (12). The solution is a gaussian
process with functional mean (8) and covariance (9).

2

Theorem 8 : given the equation (4) in the Hilbert space L2
γ, a necessary and sufficient

condition in order to have an invariant measure is:

τi(x) ∈ L2
γ([0,+∞)) ∩ L2([0,+∞)) ∀i = 1, ..., k

and there exist infinitely many invariant measures; in particular, the measures of the
kind:

δz∗+c ∗N(0, Q∞), c ∈ R

µf ∗N(0, Q∞), f ∈ L2
γ periodical

are invariant, where:

Q∞ =
k∑
i=1

∫ +∞

0
τi(.+ u)⊗ τi(.+ u) du

z∗(x) = −
k∑
i=1

∫ x

0
τi(u)

∫ u

0
τi(v) dv du

f ∈ L2
γ is periodical with period T and µf is the measure induced by the uniform

density on [0, T ] via the application t→ f(t+ .).

2

Theorem 9 : if τi(x) ∈ L2([0,+∞)),
√
xτi(x) ∈ L2([0,+∞)) ∀i = 1, ..., k and r0 ∈

L2([0,+∞)), then the equation (4) has a unique mild solution in L2, given by (12), which
is a gaussian process with functional mean (8) and functional covariance (9).
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2

Theorem 10 : given the equation (4) in the Hilbert space L2, necessary and sufficient
conditions in order to have an invariant measure are:

∀i = 1, ..., k :


τi(x) ∈ L2([0,+∞)) ∩ L1([0,+∞))√
xτi(x) ∈ L2([0,+∞))∫+∞
x τi(u) du ∈ L2([0,+∞))

in these hypotheses it exists the only invariant measure:

δz∗+z0 ∗ δ0 ∗N(0, Q∞) = N(z∗ + z0, Q∞)

where:

z∗(x) + z0 =
k∑
i=1

∫ x

0
τi(u)

∫ u

0
τi(v) dv du−

∫ +∞

0

∫ ∞
0

τi(u)
∫ u

0
τi(v) dv du

Q∞ =
k∑
i=1

∫ +∞

0
τi(.+ u)⊗ τi(.+ u) du

2

The proofs of these four theorems are analogous to those for the two Sobolev spaces we
have seen before (see [7]).

8 The forward rate equation in the space W 1,1
loc

Now we try to solve the Musiela equation in the space of the absolutely continuous functions,
which, as we have already seen, is its natural framework; but now, we notice that W 1,1

loc is
not an Hilbert space. This doen’t allow us to use the invariant measure characterization
theorem we used before. Besides, we must use a stochastic integration theory more general
than the one used until now. In particular, we will embed the space W 1,1

loc ([0,+∞)) in
the space of the Schwartz distributions on R, which we will call D∗(R), about which a
stochastic integration theory exists (see for example [5]), and we will analyse our equation
in this space.

First of all we embed the space W 1,1
loc in the distributions space via the canonical

embedding which sends a function f ∈ W 1,1
loc in the distribution φ →

∫+∞
−∞ φ(x)f(x) dx.

This embedding is closed and continuous. Besides, we will indicate the standard duality
pairing in this way: if φ ∈ C∞0 , and f ∈W 1,1

loc , then:

< φ, f >=
∫ +∞

−∞
φ(x)f(x) dx
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We start verifying that (12) is solution of the equation also in the space D∗(R). To
this aim we notice that D∗(R) is a locally convex space. This enables us to speak about
locally equicontinuous C0 semigroups of linear continuous operators in D∗(R), which have
nice properties suitable for our aims. Besides this, we can talk about the infinitesimal
generator A of a locally equicontinuous C0 semigroup (St)t and of its domain D(A) (see
appendix). Finally, we notice that the process (

∑k
i=1 τiW

i
t )t is a Brownian motion (in the

sense specified in [5]) in D∗, having functional mean 0 and functional covariance:

Cov(< f,
k∑
i=1

τiW
i
s >,< g,

k∑
i=1

τiW
i
t >) =

k∑
ij=1

< f, τi >< g, τj > Cov(W i
s ,W

j
t ) =

= t
k∑
i=1

< f, τi >< g, τi > ∀f, g ∈ C∞0 (R)

Henceforth we use (Wt)t to indicate a generic Brownian motion in D∗. Again we are
interested in finding mild solutions:

Definition 11 : we say that (Xt)t is a mild solution of the equation (4) if ∀f ∈ D:

< f,Xt >=< f,X0 > +
∫ t

0
(< A∗f,Xu > + < f, c >) du+

∫ t

0
< f, dWu >

We start with a general theorem about the Langevin equation in D∗(−∞,+∞).

Theorem 12 : if A∗ generates a locally equicontinuous semigroup (St)t in D, (Wt)t is a
generic Brownian motion in D∗, and X0 is F0-measurable, then the process (Xt)t, defined
by:

Xt = StX0 +
∫ t

0
St−uc du+

∫ t

0
St−u dWu (15)

is the only mild solution to the Langevin equation:{
dXt = (AXt + c) dt+ dWt

X0 ∈ L2(Ω,F0,P;D∗) (16)

Besides, if X0 is gaussian, then (Xt)t is a gaussian process with functional mean

E[< f, rt >] =< f, StE[r0] > +
∫ t

0
< f, St−uc > du (17)

and functional covariance:

Cov(< f, rt >,< g, rv >) = Cov(< f, Str0 >< g, Svr0 >) +
∫ t

0
p(S∗t−uf, S

∗
v−ug) du (18)

Proof: first of all we notice that, since (St)t is a locally equicontinuous semigroup, then
for all continuous seminorm p on D∗(R) and ∀T > 0, there exist a continuous seminorm q
on D∗(R) such that p(Stf) ≤ q(f) ∀t ∈ [0, T ], f ∈ D∗(R), so

∫ t
0 p(St−uc) du ≤ tq(c), and
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so the first integral in (15) has a sense; besides there exists r such that q <HS r, and so∫ t
0 ‖St−u‖HS(p,r) dt ≤

∫ t
0(t − u)(q :HS r) dt < +∞ and so the stochastic integral is well

defined in the sense of [5].
Now we prove that (15) is a solution. For this aim, we define the process:

Yt = Xt − StX0 −
∫
St−sc ds =

∫ t

0
St−u dWu

then Y0 = 0, and (Yt)t has the stochastic differential:

dYt = dXt −AStX0 dt− c dt−
(∫ t

0
ASt−sc ds

)
dt =

= (AXt + c) dt+ dWt −AStX0 dt− c dt+A

∫ t

0
St−sc ds =

= AXt dt+ dWt −AStX0 dt+A

∫ t

0
St−sc ds =

= AYt dt+ dWt

and so (Yt)t satisfies the equation:{
dYt = AYt dt+ dWt

Y0 = 0
(19)

if and only if (Xt)t satisfies (16).
We notice that the stochastic integral in the expression is the integral of a determin-

istic functional D∗ → D∗, so we can write it in this way:∫ t

0
St−u dWu = [St−uWu]t0 +

∫ t

0
ASt−uWu du =

= Wt +
∫ t

0
ASt−uWu du

Then we can write:

< f, Yt >=< f,Wt > +
∫ t

0
< f,ASt−uWu > du

Using the formula:

f(t)− f(0) =
∫ t

0

d

dv
f(v) dv

which is valid if f : [0, T ]→W 1,1
loc is differentiable, we arrive to:

< f, Yt > =
∫ t

0
< f, dWu > +

∫ t

0

(
< A∗f,Wv > +

∫ v

0
< A∗2S∗v−uf,Wu > du

)
dv =

=
∫ t

0
< f, dWu > +

∫ t

0

(
< f,Wv > +

∫ v

0
< A∗S∗v−uf,Wu > du

)
dv =

=
∫ t

0
< f, dWu > +

∫ t

0
< A∗f, Yu > du
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so the process (Yt)t is a solution of the equation (19) and the process (Xt)t is a solution of
the equation (16).

Now, let’s prove the uniqueness. For this aim, we need the following lemma:

Lemma 13 : if (Yt)t is a mild solution of (19), then ∀ψ ∈ C1([0, T ], D(A∗)), t ∈ [0, T ] we
have:

< ψ(t), Yt >=
∫ t

0
< ψ′(s) +A∗ψ(s) >,Ys > ds+

∫ t

0
< ψ(s), dWs >

Proof: let’s consider a function ψ(t) = ψ0.φ(t), where ψ0 ∈ D(A∗), φ ∈ C1([0, T ],R); then,
if we set:

F (t) =< ψ0, Yt >=
∫ t

0
< A∗ψ0, Ys > ds+ < ψ0,Wt >

we have:

d[F (t)φ(t)] = φ(t) dF (t) + F (t)φ′(t) dt =
= φ(t) < A∗ψ0, Yt > dt+ φ(t) < ψ0, dWt > +φ′(t) < ψ0, Yt > dt

and so:

F (t)φ(t) =
∫ t

0
φ(s) < A∗ψ0, Ys > ds+

∫ t

0
φ(s) < ψ0, dWs > +

∫ t

0
φ′(s) < ψ0, Ys > ds =

=
∫ t

0
< A∗ψ(s), Ys > ds+

∫ t

0
< ψ′(s), Ys > ds+

∫ t

0
< ψ(s), dWs >

and so the lemma holds for all the functions of the kind ψ(t) = ψ0.φ(t); since this class is
dense in C1([0, T ], D(A∗)), the lemma is proved

2

To prove the theorem, we put ψ(t) = S∗t−sφ0, with φ0 ∈ D(A∗); then:

< St−t φ0 , Yt >=< φ0, Yt >=
∫ t

0
< S∗t−sφ0, dWs >=

∫ t

0
< φ0, St−s dWs >

then, since D(A∗) is dense in D, < φ0, Yt >=
∫ t

0 < φ0, St−s dWs > ∀φ0 ∈ D, and so
Yt =

∫ t
0 St−s dWs can be the only solution to (19).

Now, let’s verify that, ifX0 is gaussian, the solution (15) is a gaussian process. In order
to do this, we only need to check that ∀t1, ..., tn the random variable (Xt1 , ..., Xtn) is gaussian
in (D∗)n. This means that ∀φ1, ..., φn ∈ (C∞0 )n the real random variable (< φ1, Xt1 >, ..., <
φn, Xtn >) has to be gaussian. This is equivalent to check that ∀φ1, ..., φn ∈ D∗:

n∑
1

i < φi, Xti > =
n∑
1

i < φi, StiX0 > +
n∑
1

i < φi,

∫ ti

0
Sti−uc du > +

+
n∑
1

i < φi,

∫ ti

0
Sti−u dWu >
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the first addend is a real gaussian random variable, and the second one is a real number.
Let’s verify that the third one is a real gaussian random variable:

n∑
1

i < φi,

∫ ti

0
Sti−u dWu > =

n∑
1

i < φi,

∫ T

0
1[0,ti)Sti−u dWu >=

=
n∑
1

i <

∫ T

0
1[0,ti)S

∗
ti−uφi, dWu >=

= <

∫ T

0

n∑
1

i1[0,ti)S
∗
ti−uφi, dWu >

which is the stochastic integral of a deterministic linear operator from D into itself, and so
it is a real gaussian random variable. The law of the process is then uniquely determined
by his functional mean and covariance.

Now we only need to prove that the process has functional mean (17) and functional
covariance (18). If we have f, g ∈ C∞0 , then, for the properties of the stochastic integral
(see [5]):

Cov(< f, rt > , < g, rv >) =

= Cov

(
< f, Str0 +

∫ t

0
St−u dWu >,< g, Svr0 +

∫ v

0
Sv−u dWu >

)
=

= Cov(< f, Str0 >< g, Svr0 >) +

+E
[
< f,

∫ t

0
St−u dWu >< g,

∫ t

0
Sv−u dWu >

]
=

= Cov(< f, Str0 >< g, Svr0 >) +
∫ t

0
p(S∗t−uf, S

∗
v−ug) du

2

Now we apply this general theorem to our special case.

Corollary 14 : if τi ∈W 1,2
loc (R+) ∀i = 1, ..., k and r0 ∈W 1,1

loc (R+) P-a.s., then the equation
(4) has an unique solution (rt)t in D∗(R), with rt ∈W 1,1

loc (R) ∀t P-a.s., given by (12), which
is a gaussian process with functional mean (8) and functional covariance (9).

Proof: first of all we have to verify that our translation semigroup (St)t is an equicontinuous
C0 semigroup having as infinitesimal generator A; we send the interested reader to the
appendix; then we notice that

c(x) =
∫ x

0
τ(u)

∫ u

0
τ(v) dv du

is an element of W 1,1
loc . In fact c has weak derivative equal to:

∂

∂x
c(x) =

∂τ

∂x
(x)

∫ x

0
τ(u) du+ τ2(x)
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which is well defined. Now we must verify that c ∈ L1
loc, and c′ ∈ L1

loc; ∀T ∈ (0,+∞)
we have:

∫ T

0
|c(x)| dx =

∫ T

0
τ(x)

∫ x

0
τ(u) du dx =

1
2

(∫ T

0
τ(x) dx

)2

∫ T

0
|c′(x)| dx ≤

∫ T

0
|τ ′(x)|

∫ x

0
τ(u) du dx+

∫ T

0
τ2(x) dx =

=
[∫ x

0
|τ ′(u)| du

∫ x

0
τ(u) du

]T
0
−
∫ T

0

(∫ x

0
|τ ′(u)| du

)
τ(x) dx+

+‖τ‖2L2([0,T ]) ≤ 2‖τ ′‖L1([0,T ])‖τ‖L1([0,T ]) − ‖τ‖2L2([0,T ])

Since τ ∈ W 1,1
loc , it follows that τ is continuous, and τ ∈ L2

loc. Then c ∈ W 1,1
loc . Now, since

all the hypotheses of the theorem (12) hold, it follows that (12) is solution of (4).
We finally have to check that rt ∈W 1,1

loc (R+) P-a.s. If we look at the explicit solution
(12), this is true, because St sends W 1,1

loc (R+) in itself, so the Bochner integral (second
addend) is an integral in W 1,1

loc (R+), and the stochastic integral (third addend) takes values
in W 1,2

loc (R+) P-a.s.; in fact, ∀T > 0, W 1,2([0, T ]) is a Hilbert space, and the definition of
stochastic integral in W 1,2([0, T ]) is equivalent to the one on D∗. Besides we have:

E

[∥∥∥∥∫ t

0
St−uτ dWu

∥∥∥∥2

W 1,2([0,T ])

]
=

∫ t

0
Tr St−uQS∗t−u dt =

∫ t

0
‖St−uτ‖2W 1,2([0,T ]) dt =

=
∫ t

0

∫ T

0
(τ2(x+ t− u) + τ ′2(x+ t− u)) dx

if τ ∈W 1,2([0, T + t]), then the last integral converges, and so ‖
∫ t

0 St−uτ dWu‖2W 1,2([0,T ]) is

a.s. finite ∀T > 0. So, if τ ∈W 1,2
loc (R+), then

∫ .
0 S.−uτ dWu ∈W 1,2

loc (R+) P-a.s.
Now we only need to prove that the process (12) has functional mean (8). Now let’s

verify that the functional covariance is really (9). If we have f, g ∈ C∞0 , then, since in our
case p(f, g) =< f, τ >< g, τ >:

Cov(< f, rt > , < g, rv >) = Cov(< f, Str0 >< g, Svr0 >) +
∫ t

0
p(S∗t−uf, S

∗
v−ug) du =

= Cov(< f, Str0 >< g, Svr0 >) +
∫ t

0
< S∗t−uf, τ >< S∗v−ug, τ > du =

= E[< f, Str0 >< g, Svr0 >] +

+
∫ t

0
< f(.), τ(.+ t− u) > . < g(.), τ(.+ v − u) > du

For the covariance we will use this notation:

Cov(rt, rv) = SvCov(r0, r0)S∗t +
∫ t

0
τ(.+ t− u)⊗ τ(.+ v − u) du
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2

Now we search for an invariant law following this idea. Since, if we have a gaussian ini-
tial data, the solution process will be gaussian, and since in this case the stationarity is
equivalent to the weak stationarity (that is, only the functional mean and covariance are
stationary), we only need to find an initial data for which the solution process is stationary
to prove that there is a gaussian invariant measure.

For this aim, we notice that we already have some natural candidates to be invariant
measures, that is the gaussian ones on H1

γ . Then let’s check if and under what conditions
the gaussian invariant measures on H1

γ are still invariant measures in W 1,1
loc . The general

gaussian invariant measure was N(b∗(.) + b0, Q∞), where:

b∗(x) = −
∫ x

0
τ(u)

∫ u

0
τ(v) dv du

Q∞ =
∫ +∞

0
τ(.+ u)⊗ τ(.+ u) du

and b0 was a generic real number.

First of all we prove that a gaussian measure of the kind N(b∗, Q∞) exists on D∗(R);
in particular, we construct it such a way that it is the distribution of a D∗(R)-valued random
variable r0, and P{r0 ∈ W 1,2

loc (R+)} = N(b∗, Q∞)(W 1,2
loc (R+)) = 1. In ordere to do this,

we take a real k-dimensional brownian motion (Zt)t, independent from (Wt)t and a real
constant b0 and consider the random variable:

r0 = b0 +
∫ +∞

0
Suc du+

k∑
i=1

∫ +∞

0
Suτi dZ

i
u

Proposition 15 : if τi ∈ L1 ∩ L2 ∩ W 1,2
loc (R+) ∀i = 1, ..., k, then r0 has distribution

N(b∗, Q∞) and P{r0 ∈W 1,1
loc (R+)} = 1.

Proof: since r0 is the limit of gaussian random variables:

r0 = lim
t→+∞

(
b0 +

∫ t

0
Suc du+

∫ t

0
Suτ dZu

)

then, if the limit converges in D∗, then r0 is well defined and gaussian. In order to
check the convergence of r0, we only need to check that E[r0] and Cov(r0, r0) converge.

If τ ∈ L1, then:

E[r0]− b0 =
∫ +∞

0
Suc du =

∫ +∞

0
τ(x+ u)

∫ x+u

0
τ(v) dv du =

=
∫ +∞

x
τ(u)

∫ u

0
τ(v) dv du =

∫ +∞

0
τ(u)

∫ u

0
τ(v) dv du+

−
∫ x

0
τ(u)

∫ u

0
τ(v) dv du =

1
2

(∫ +∞

0
τ(u) du

)2

− 1
2

(∫ x

0
τ(u) du

)2
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then E[r0] is well defined and belongs to W 1,1
loc . Besides, if τ ∈ L2, and we take f ∈ C∞0 and

suppose that [a, b] = supp(f), then we have:

Cov (< f, r0 >,< f, r0 >) = E

[
lim

t→+∞
< f,

∫ t

0
Suτ dZu >

2
]

=

= lim
t→+∞

E

[
< f,

∫ t

0
Suτ dZu >

2
]

= lim
t→+∞

∫ t

0
< f, Suτ >

2 du =

=
∫ +∞

0

(∫ +∞

0
f(x)τ(x+ t) dx

)2

dt ≤ ‖f‖∞
∫ +∞

0

(∫ b

a
τ(x+ t) dx

)2

dt ≤

≤ ‖f‖∞
∫ +∞

0
(b− a)

∫ b

a
τ2(x+ t) dt dx = ‖f‖∞(b− a)

∫ +∞

0

∫ b+t

a+t
τ2(u) du dt =

= ‖f‖∞(b− a)
∫ +∞

a
τ2(u)

∫ u−a

(u−b)∨0
dt du ≤

≤ ‖f‖∞(b− a)
∫ +∞

a
τ2(u)(u− a− u+ b) du = ‖f‖∞(b− a)2‖τ‖2L2

since |Cov(< f, r0 >,< g, r0 >)| ≤ E[< f, r0 >
2]E[< g, r0 >

2] ∀f, g ∈ C∞0 , then we have
that if τ ∈ L2, then Cov(< f, r0 >,< g, r0 >) is a real number.

Now we only have to prove that P{r0 ∈W 1,1
loc (R+)} = 1. If we look at the definition

of r0, this is true, because St sends W 1,1
loc (R+) in itself, so the Bochner integral (second

addend) is an integral in W 1,1
loc (R+). Moreover, the stochastic integral (third addend) takes

values in W 1,2
loc (R+) P-a.s.; in fact, ∀T > 0, W 1,2([0, T ]) is a Hilbert space and the definition

of stochastic integral in W 1,2([0, T ]) is equivalent to the one in D∗. Besides we have:

E

[
lim

t→+∞

∥∥∥∥∫ t

0
Suτ dZu

∥∥∥∥2

W 1,2([0,T ])

]
= lim

t→+∞

∫ t

0
Tr W 1,2([0,T ])SuQS

∗
u du =

=
∫ +∞

0
‖Suτ‖2W 1,2([0,T ]) du =

∫ +∞

0

∫ T

0
(τ2(x+ u) + τ ′2(x+ u)) dx du =

=
∫ T

0

∫ +∞

0
(τ2(x+ u) + τ ′2(x+ u)) du dx ≤ T‖τ‖W 1,2(R+)

If τ ∈ W 1,2(R+), then the last integral converges, and so ‖
∫ t

0 Suτ dWu‖2W 1,2([0,T ]) is a.s.

finite ∀T > 0, and so r0 ∈W 1,1
loc P-a.s.

2

Now, let’s try to start with an initial data with law N(b∗(x) + b0, Q∞), and see what is
the law of the solution process. Since the law is gaussian, we only need to calculate the
functional mean and covariance. Let’s calculate the mean:

E[rt](x) = E[Str0](x) +
∫ t

0
(St−uc)(x) du =

= −
∫ x+t

0
τ(u)

∫ u

0
τ(v) dv du+ b0 +

∫ t

0
τ(x+ t− u)

∫ x+t−u

0
τ(v) dv du =
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= b0 −
∫ x+t

0
τ(u)

∫ u

0
τ(v) dv du+

∫ x+t

x
τ(u)

∫ u

0
τ(v) dv du =

= b0 −
∫ x

0
τ(u)

∫ u

0
τ(v) dv du = b0 + b(x)

Now, let’s calculate the functional covariance of the process. If f, g ∈ C∞0 , then:

Cov(< f, rt > , < g, rt+h >) = E[< f, Str0 >< g, St+hr0 >] +

+
∫ t

0
< f(.), τ(.+ t− u) > . < g(.), τ(.+ t+ h− u) > du =

= E[< S∗t f, r0 >< S∗t+hg, r0 >] +

+
∫ t

0

∫ +∞

0
f(x)τ(x+ t− u) dx

∫ +∞

0
g(y)τ(y + t+ h− u) dy du =

=
∫ +∞

0

∫ +∞

0
τ(x+ u+ t)f(x) dx

∫ +∞

0
τ(y + u+ t+ h)g(y) dy du+

+
∫ t

0

∫ +∞

0
f(x)τ(x+ u) dx

∫ +∞

0
g(y)τ(y + h+ h) dy du =

=
∫ +∞

t

∫ +∞

0
τ(x+ u)f(x) dx

∫ +∞

0
τ(y + u+ h)g(y) dy du+

+
∫ t

0

∫ +∞

0
f(x)τ(x+ u) dx

∫ +∞

0
g(y)τ(y + h+ h) dy du =

=
∫ +∞

0

∫ +∞

0
τ(x+ u)f(x) dx

∫ +∞

0
τ(y + u+ h)g(y) dy du =

=
∫ +∞

0

∫ +∞

0
τ(x+ u)f(x) dx

∫ +∞

h
τ(y + u)g(y − h) dy du =

= E[< f, r0 >< S∗hg, r0 >] =
= E[< f, r0 >< g, Shr0 >] = Cov(< f, r0 >,< g, rh >)

As in the space H1
γ , also here we found infinitely many invariant measures. This non

uniqueness of the invariant measure is caused by the fact that the constant functions, as in
the case H1

γ , belong to W 1,1
loc .

We can collect the results we just found in the following:

Theorem 16 : if τi ∈ W 1,2
loc ∩ L1 ∩ L2 ∀i = 1, ..., k, then the equation (4) has infinitely

many invariant measures in W 1,1
loc . In particular, the measures of the kind N(b∗(.)+b0, Q∞)

are the only gaussian invariant measures.

2

9 Appendix

In this appendix we collect some proof of results we used before.
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First of all we recall the definition of C0 semigroup in a Banach space. Let’s take a
real Banach space E, endowed with the norm ‖.‖E . We call L(E,E) the linear space of the
linear continuous operators from E in itself; this is a Banach space too, endowed with the
norm:

‖A‖L(E,E) = sup{‖Ax‖E | x ∈ E, ‖x‖ = 1}

We say that {St}t≥0 is a C0 semigroup of linear continuous operators, or more
simply a C0semigroup, if it has the following properties:

1) St ∈ L(H,H) ∀t ≥ 0
2) S0 = I
3) St+s = St ◦ Ss

4) ∀x ∈ H : limt→0+ Stx = x

Now we define the following linear subspace of E:

D = D(A) =
{
x ∈ E

∣∣∣∣ ∃ lim
t→0+

Stx− x
t

}

and the linear operator A on D(A):

∀x ∈ D(A) : Ax = lim
t→0+

Stx− x
t

D is called domain of A, and A is called infinitesimal generator of the semigroup
{St}t≥0. We recall that D(A) is dense in E, and ∀x ∈ D(A) : d

dtStx = AStx = StAx.
For a proof, see [8].

Now that we did these conventions, let’s prove the results we used. We pose:

A =
∂

∂x

Stf(x) = f(x+ t)

Lemma 17 : (St)t is a C0 semigroup in the Hilbert space H1
γ , having as infinitesimal

generator A, which has domain equal to H2
γ .

Proof: first of all we must check the semigroup conditions (1), ..., (4):
1) St ∈ L(H1

γ ,H
1
γ) = L e ‖St‖L ≤ e

γ
2
u; in fact, if f ∈ H1

γ , then:

‖Stf(x)‖H1
γ
≤

√∫ +∞

0
f2(x+ t)γe−γx dx+

√∫ +∞

0
f ′2(x+ t)γe−γx dx =

= e
γt
2

√∫ +∞

0
f2(x+ t)γe−γ(x+t) dx+

√∫ +∞

0
f ′2(x+ t)γe−γ(x+t) dx

 =
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= e
γt
2

√∫ +∞

t
f2(x)γe−γx dx+

√∫ +∞

t
f ′2(x)γe−γx dx

 ≤ e γt2 ‖f‖H1
γ

so ‖St‖L ≤ e
γt
2 .

2-3) trivial verification
4) if f ∈ C1([0,+∞)), then:

lim
t→0
‖Stf − f‖H1

γ
= lim

t→0
γ

∫ +∞

0
((f(t+ x)− f(x))2 + (f ′(t+ x)− f(x))2)e−γx dx = 0

then, since C1 is dense in H1
γ , we have that ∀ε,∀g ∈ H1

γ ∃f ∈ C1 such that ‖f−g‖H1
γ
<

ε; then:

‖Stg − g‖H1
γ
≤ ‖Stg − Stf‖H1

γ
+ ‖Stf − f‖H1

γ
+ ‖f − g‖H1

γ
≤

≤ ‖St‖L‖f − g‖H1
γ

+ ε+ ‖f − g‖H1
γ
≤ (eγt + 2)ε

Now let’s prove that A is the infinitesimal generator of (St)t; if f ∈ H2
γ = W 2,2

γ , then
f ∈ C1, and we have:

lim
t→0+

Stf − f
t

(x) = lim
t→0+

f(x+ t)− f(x)
t

=
∂f

∂x

which is well defined and belongs to H1
γ ; so A is the infinitesimal generator of (St)t,

and H2
γ ⊆ D(A); conversely, f ′ ∈ H1

γ only if f ∈ H2
γ , so D(A) = H2

γ .

2

Lemma 18 : (St)t is a C0 semigroup in H1, having as infinitesimal generator A, which
has the domain H2.

Proof: we have to check the semigroup conditions (1), ..., (4):
1) St ∈ L(H1,H1) = L e ‖St‖L ≤ 1; in fact if f ∈ H1, then:

‖Stf(x)‖H1 ≤

√∫ +∞

0
f2(x+ t) dx+

√∫ +∞

0
f ′2(x+ t) dx =

=

√∫ +∞

t
f2(x) dx+

√∫ +∞

t
f ′2(x) dx ≤ ‖f‖H1

so ‖St‖L ≤ 1.
2-3) trivial verification
4) if f ∈ C1([0,+∞)), then:

lim
t→0
‖Stf − f‖H1 = lim

t→0

∫ +∞

0
((f(t+ x)− f(x))2 + (f ′(t+ x)− f(x))2) dx = 0
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then, since C1 is dense in H1, we have that ∀ε > 0,∀g ∈ H1 ∃f ∈ C1 such that
‖f − g‖H1 < ε; then:

‖Stg − g‖H1 ≤ ‖Stg − Stf‖H1 + ‖Stf − f‖H1 + ‖f − g‖H1 ≤
≤ ‖St‖L‖f − g‖H1 + ε+ ‖f − g‖H1 ≤ 3ε

Now, let’s prove that A is the infinitesimal generator of (St)t; if f ∈ D(A) = W 2,2,
then f ∈ C1, and we have:

lim
t→0+

Stf − f
t

(x) = lim
t→0+

f(x+ t)− f(x)
t

=
∂f

∂x

which is well defined and belongs to H1; so A is the infinitesimal generator of (St)t,
and H2 ⊆ D(A); conversely, f ′ ∈ H1 only if f ∈ H2, so D(A) = H2.

2

For the space D(R) we need a different notion, and we also need to know his structure.
First of all we notice that we can represent R in this way:

R = ∪n∈ZI
o
n, where Io = interior of I

where In = [n − 1, n + 1] ∀n ∈ Z; let {αn}n ⊆ D a partition of unity corresponding
to the covering {Ion|n ∈ Z}, and such that αn(x) = α(x+ n) ∀n ∈ Z, x ∈ R and αn > 0 in
Ion; then for every φ ∈ D, αnφ is a C∞ function with support in In.

Now, for all In, we define D(In) to be the space consisting of all functions on a
compact interval [a, b] that can be extended to C∞ functions on R vanishing outside of In.
Then D(In) is a dense vector subspace of L2(In).

We consider the following operator:

D = − d2

dx2
: D → L2

We denote the closed extension of D by the same notation D. The functions:

sn(x) = sinnx

form an orthonormal base in L2. We have that:

Dsn = n2sn

We define the following norms on D(In):

‖f‖p = ‖Dpf‖L2(In), p ∈ N

then we notice that:

‖f‖2p =
∞∑
n=1

n4p < f, sn >
2
L2 (20)

We also define the seminorms on D(R):
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‖f‖n,p = ‖αnf‖p ∀n ∈ N, p ∈ N

Then both ‖.‖p and ‖.‖n,p are Hilbertian seminorms, i.e. they have the following
property:

p(x+ y)2 + p(x− y)2 = 2p(x)2 + 2p(y)2

and we have that ‖.‖p ≤HS ‖.‖p+1, and so ‖.‖n,p ≤HS ‖.‖n,p+1.
If we now take two sequences (an)n, (pn)n such that an > 0 and pn ∈ N, we can

define the norm:

‖f‖(an),(pn) =
∑
n∈N

a2
n‖f‖2n,pn

Such a norm is always well defined, because the support of f ∈ D intersects only a
finite number of the intervals (In)n, and so it turns out to be a Hilbertian norm. We can
now endow the space D with the multi-Hilbertian topology τ defined by (‖.‖(an),(pn)), i.e.
the weakest topology in which these norms are continuous, and we find out that it coincides
with the Schwartz topology, which is given by the seminorms:

|f |p,K = max
n≤p

sup
x∈K
|fn(x)|, K ⊆ R compact

We obtain that:

‖.‖(an),(pn) ≤HS ‖.‖(bn),(pn+1), bn = nan(‖.‖n,pn : ‖.‖n,pn+1)HS

If we define the Kolmogorov I-topology of τ (denoted by I(τ)) the weakest topol-
ogy defined by the seminorms:

{p|∃q ≤ τ such that p ≤HS q}

then τ is nuclear, that is τ = I(τ).
From all this discussion, it follows that D is a locally convex space, and we denote by

D∗ his dual, known as the Schwartz distributions space. For a more detailed discussion
of these facts, see [5].

For the spaceD, we need the following notion: we say that (St)t is an equicontinuous
C0 semigroup of linear continuous operators, or more simply a equicontinuous C0

semigroup in the locally convex space X, if it has the following properties:

1) St ∈ L(X,X) ∀t ≥ 0
2) S0 = I
3) St+s = St ◦ Ss
4) the family (St)t is equicontinuous in t, that is, for every continuous seminorm p

on X it exists a continuous seminorm q on X such that p(Stx) ≤ q(x) ∀t ≥ 0, x ∈ X.

Also in this case we can define the domain of A:
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D(A) =
{
x ∈ X

∣∣∣∣∃ lim
t→0+

Stx− x
t

}
and call infinitesimal generator of (St)t the linear operator A defined as follows:

∀x ∈ D(A) : Ax = lim
t→0+

Stx− x
t

We remind that also in this case D(A) is dense in X, and: ∀x ∈ D(A) : d
dtStx =

AStx = StAx.
For a proof of these facts, see [8].
For some applications, we can find the condition (4) too strong to verify. We can give

the following definition: we say that (St)t is a locally equicontinuous C0 semigroup, in
the locally convex space X, if it has the properties (1), (2), (3) and:

4’) the family (St)t is locally equicontinuous in t, that is, ∀T ∈ R+ and for
every continuous seminorm p on X it exists a continuous seminorm qT on X such that
p(Stx) ≤ qT (x) ∀t ∈ [0, T ], x ∈ X.

if we define D(A) and A as before, then we have no conditions about D(A), but A
enjoy the same properties seen before. We start with the

Lemma 19 if t ∈ [1
2 ,

1
2 ], and if we call b = maxx∈[−1,1] α(x) and a = minx∈[− 1

2
, 1
2

] α(x),
then:

‖Stf‖20,0 ≤
b

a
(‖f‖2−1,0 + ‖f‖20,0 + ‖f‖21,0) ∀f ∈ D

Proof: first of all we define the function:

In(x) = a.1[n− 1
2
,n+ 1

2
](x), n ∈ N

then:

‖Stf‖20,0 = ‖α0Stf‖2L2 ≤ ‖bStf‖2L2 ≤
b

a
(‖I−1f‖2L2 + ‖I0f‖2L2 + ‖I1f‖2L2) ≤

≤ b

a
(‖α−1f‖2L2 + ‖α0f‖2L2 + ‖α1f‖2L2) =

b

a
(‖f‖2−1,0 + ‖f‖20,0 + ‖f‖21,0)

2

Corollary 20 if t ∈ [1
2 ,

1
2 ], then ∀p ∈ N:

‖Stf‖20,p ≤
b

a
(‖f‖2−1,p + ‖f‖20,p + ‖f‖21,p) ∀f ∈ D

Proof: it follows immediately from (20) and from the fact that:

< f, g >L2=
1
4

(‖f + g‖2L2 + ‖f − g‖2L2)
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2

Proposition 21 : if we call (S∗t )t the adjoint semigroup of (St)t, that is:

S∗t f(x) = f(x− t) ∀f ∈ C∞0 (R) = D(R)

and A∗ the adjoint of A, that is:

A∗ = − ∂

∂x

then (St)t is a locally equicontinuous C0 semigroup in D(R), having as infinitesimal
generator A∗, which has the domain all D(R).

Proof: we must check the semigroup conditions (1), ..., (3) and (4′):
1) S∗t ∈ L(D(R),D(R)); in fact, for every seminorm p continuous in D(R) it exists a

norm ‖.‖(an),(pn) and β ∈ R+ such that:

p(f) ≤ β‖f‖(an),(pn) ∀f ∈ D(R)

Now, we’ll check that ∀t > 0, ∃‖.‖(bn),(qn) such that ‖Stf‖(an),(pn) ≤ ‖f‖(bn),(qn) ∀f ∈
D.

We can suppose (after a suitable shifting of n) that t ∈ [−1
2 ,

1
2 ]; then we define:

b2n =
b

a
(a2
n−1 + a2

n + a2
n+1)

qn = max{pn−1, pn, pn+1}

then we have:

‖S∗t f‖(an),(pn) ≤ ‖f‖(bn),(qn) ∀f ∈ D(R)

in fact:

‖S∗t f‖(an),(pn) =
∑
n∈Z

a2
n‖S∗t f‖2n,pn ≤

∑
n∈Z

a2
n

b

a
‖f‖2n−1,pn + ‖f‖2n,pn + ‖f‖2n+1,pn) ≤

≤
∑
n∈Z

b2n‖f‖2n,qn = ‖f‖2(bn),(qn)

and so S∗t ∈ L(D(R),D(R)) ∀t
2-3) trivial verification
4’) if we define:

b2n =
b

a
(a2
n−1 + a2

n + ...+ a2
n+1+[T ])

qn = max{pn−1, pn, ..., pn+1+[T ]}

then we have:
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‖S∗t f‖(an),(pn) ≤ ‖f‖(bn),(qn) ∀f ∈ D(R), t ∈ [0, T ]

The proof is as point (1); so, (S∗t )t is locally equicontinuous in t.
Now let’s prove that A∗ is the infinitesimal generator of (S∗t )t; if f ∈ D(R), then

f ∈ C1, and we have:

lim
t→0+

S∗t f − f
t

(x) = lim
t→0+

f(x− t)− f(x)
t

= lim
t→0−

f(x+ t)− f(x)
−t

= −∂f
∂x

which is well defined and belongs to D(R); so A∗ is the infinitesimal generator of
(S∗t )t, and D(A) = D(R).

2
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