Contents

Introduction iv

1 The Musiela model 1 1.1 Presentation of the Musiela model . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Formulation of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 Preliminaries about Langevin equations in Hilbert spaces . . . . . . . . . . 4 1.4 The space H^1_fl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.5 The space H^1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 The interest rates 8 2.1 The Musiela model in the Gaussian case . . . . . . . . . . . . . . . . . . . . 8 2.2 From the Musiela model to the Vasicek model . . . . . . . . . . . . . . . . . 8 2.3 From the Musiela model to a state variables model . . . . . . . . . . . . . . 9 2.4 Considerations on the Hilbert space H . . . . . . . . . . . . . . . . . . . . . 11 2.5 Structuring the Musiela model with respect to state variables . . . . . . . . 11 2.5.1 The Vasicek model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.5.2 The general state variables model . . . . . . . . . . . . . . . . . . . . 12 2.6 Approximating the Musiela model with state variables . . . . . . . . . . . . 12 2.7 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Calibrating the model 16 3.1 An “implied” approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2 Two “historical” approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2.1 With less datas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2.2 With more datas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.3 Karhunen–Loeve expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.3.1 The representation problem . . . . . . . . . . . . . . . . . . . . . . . 20 3.3.2 The “finite energy” case: Karhunen–Loeve expansion . . . . . . . . . 21 3.3.3 Calculation of the eigenvalues of R . . . . . . . . . . . . . . . . . . . 21 3.3.4 Rate of convergence of the series . . . . . . . . . . . . . . . . . . . . 21 3.3.5 Application: the Musiela model . . . . . . . . . . . . . . . . . . . . . 22

4 Robustness of the Musiela model 24 4.1 A functional differential equation for interest rates derivatives . . . . . . . . 24 4.2 Robustness of the Musiela model . . . . . . . . . . . . . . . . . . . . . . . . 26 4.3 Sensibility of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.4 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

A Positivity of rates 32 A.1 The Vasicek model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 A.2 The d-dimensional Gaussian model . . . . . . . . . . . . . . . . . . . . . . . 37 A.3 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39